Matematika Instituti
Byulleteni

Bulletin of the Institute of
Mathematics

bioAAeTeHb UHCTUTYTO
MaTeMaTUKu

[=]: =] 2024,
BE

ISSN 2181-9483
http://mib.mathinst.uz




O'‘zbekiston Respublikasi Fanlar Akademiyasi
V..Romanovskiy nomidagi Matematika Institufi

O'zbekiston Matematika
Jamiyati

Matematika Instituti
Byulleteni

Bulletin of the Institute of
Mathematics

bioAAeTeHb UHCTUTYTO
MaTeMaTuku

2024
7(3)

ISSN 2181-9483
http://mib.mathinst.uz



“Matematika instituti byulleteni” elektron jurnali tahririyat a’zolari hagida
ma’lumot

Familiyasi va ismi lImiy soha Elektron pochtasi

Bosh muharrir

Shavkat Ayupov Algebra va funksional analiz sh_ayupov@mail.ru

Boshgaruvchi muharrir

Erkinjon Karimov

Shavkat Alimov

Abdulla Azamov

Shakir Formanov

Saidahmad Lakayev

O‘tkir Rozigov

Azimboy Sadullaev

Javvad Xajiyev

Nasser Al-Salti
(O“mon sultonligi)

Andrey Dorogovtsev
(Ukraina)

Anatoliy Kusraev
(Rossiya Federatsiyasi)

Alberto Elduque
(Ispaniya)

Bruno Antonio Pansera
(Italiya)

Luckraz Shravan
(Xitoy Xalqg Respublikasi)

Niyaz Tokmagambetov
(Ispaniya)

Bahrom Abdullayev
Jobir Adashev
Abdulaziz Artikbaev

Differensial tenglamalar va
matematik fizika

Faxriy muharrirlar

Differensial tenglamalar va
matematik fizika

Dinamik sistemalar, o‘yinlar
nazariyasi

Ehtimollar nazariyasi va
matematik statistika

Differensial tenglamalar va
matematik fizika

Funksional analiz

Matematik analiz

Funksional analiz

Chet ellik muharrirlar

Differensial tenglamalar va
matematik fizika

Ehtimollar nazariyasi va
matematik statistika

Funksional analiz

Algebra va sonlar nazariyasi

O‘yinlar nazariyasi

Dinamik sistemalar, o‘yinlar
nazariyasi

Garmonik analiz

Muharrirlar
Matematik analiz
Algebra va sonlar nazariyasi

Geometriya va topologiya

erkinjon@gmail.com

sh_alimov@mail.ru

abdulla.azamov@gmail.com

shakirformanov@yandex.ru

slakaev@mail.ru

rozikovu@mail.ru

sadullaev@mail.ru

khdjavvat@gmail.com

alsalti@nu.edu.om

andrey.dorogovtsev@gmail.com

kusraev@smath.ru

elduque@unizar.es

bruno.pansera@unirc.it

sluckraz@hotmail.com

niyaz.tokmagambetov@gmail.com

abakhrom1968@mail.ru
adashevjg@mail.ru

aartykbaev@mail.ru



Farxodjon Arzikulov

Bazarbay Babajanov

Ruzinazar Beshimov
G‘olibjon Botirov

Sirojiddin Djamalov

Otabek Hakimov

Anvar Hasanov

Gafurjan Ibragimov

Sevdiyor Imomkulov

Azam Imomov

Baxtiyar Kadirkulov

Igboljon Karimjonov
Abdugappar Narmanov
Farhod Nuraliyev

Ahmadjon O‘rinov

Muzaffar Rahmatullayev

Gulnora Raimova

Mengliboy Ruziev

Bahrom Samatov

Sobirjon Shoyimardonov
Rustam Turdibaev
Rustamjon Xakimov

Yoqubjon Xusanboyev

Obidjon Zikirov

Azizbek Mamanazarov

Doniyor Usmonov

Algebra va sonlar nazariyasi

Differensial tenglamalar va
matematik fizika

Geometriya va topologiya
Funksional analiz

Differensial tenglamalar va
matematik fizika

Funksional analiz

Differensial tenglamalar va
matematik fizika

Dinamik sistemalar, o‘yinlar
nazariyasi

Matematik analiz

Ehtimollar nazariyasi va
matematik statistika

Differensial tenglamalar va
matematik fizika

Algebra va sonlar nazariyasi
Geometriya va topologiya
Hisoblash usullari

Differensial tenglamalar va
matematik fizika

Funksional analiz

Ehtimollar nazariyasi va
matematik statistika

Differensial tenglamalar va
matematik fizika

Dinamik sistemalar, o‘yinlar
nazariyasi

Diskret dinamik sistemalar
Algebra va sonlar nazariyasi
Funksional analiz

Ehtimollar nazariyasi va
matematik statistika

Differensial tenglamalar va
matematik fizika

Texnik muharrirlar

arzikulovFN@rambler.ru

a.murod@mail.ru

rbeshimov@mail.ru
botirovg@yandex.ru

siroj63@mail.ru

hakimovo@mail.ru

anvarhasanov@mail.ru

ibragimov.math@gmail.com

sevdiyor_i@mail.ru

imomov_azam@mail.ru

kadirkulovbj@gmail.com

igboli@gmail.com
narmanov@yandex.ru
nuraliyevf@mail.ru

urinovak@mail.ru

mrahmatullaev@rambler.ru

raimova27@gmail.com

mruziev@mail.ru

samatov57@inbox.ru

shoyimardonov@inbox.ru
r.turdibaev@mathinst.uz
rustam-7102@rambler.ru

yakubjank@mail.ru

zikirov@yandex.ru

mamanazarovaz1992@gmail.com

usmonov-doniyor@inbox.ru




Mundarija

Akademik To‘xtamurod Djo‘rayevich Djo‘rayev (tavalludining 90 vyilligi
munosabati bilan). Ilmiy, pedagogik va ijtimoly faoliyatning gisgacha
] 1 = 14 0| PR
Aktamov F. Tartib birlikli fazolar: yangicha qarash...............c.ooiiii.
Arzikulov F., Xakimov U. Ichki Rikart shartli ba’'zi assotsiativ algebralar..............
Quchgarova S. Cheksiz 2-blok differensial tenglamalar sistemasi uchun
kafolatlangan tutish Vaqti......... ...
Rajabov S. Bir novolterra kvadratik stoxastik operatorning regulyarligi ................
Rahmonov A. Vaqt bo‘yicha kasr hosilali integro-differensial tenglama uchun
teskari masalaning KorreKtligi...... ..o

Zaitov A., Eshtemirova Sh. Nisbiy uzluksiz idempotent ehtimollik o‘lchovlari
funktori va funktorlarning normallik xossalari ...

Djamalov S., Xudoykulov Sh. Parallelepipedda uch o‘lchovli to‘lgin tenglamasi
uchun chiziqgli ikki nugtali nolokal chegaraviy teskari masala haqida ....................
Ibragimov M., Arziev A. Geometrik tripotentlarning ma’lum bir sinflari orasidagi
regulyarlik, kollinearlik va kuchli kollinearlik munosabatlari xossalari ....................
Mirsaburov M., Mamatmuminov D. Singulyar koeffitsiyentli aralash turdagi
tenglamalar uchun chegaraviy xarakteristika va buzilish chizig‘ida Frankl shartiga
o‘xshash shartli hamda umumiy ulanish shartlili masala....................................

Oripov D. Yuqori juft tartibli buziladigan xususiy hosilali bir tenglama uchun
boshlang‘ich-chegaraviy masala tadqiqoti ..............cccooiiiiiiiiiiii e
Ruziyev M., Qazagbayeva Q. Singulyar koeffitsientli Xolmgren tenglamasi uchun
nolokal chegaraviy masala...............ccooiii i

26
31

48

66

73

85

93

105



Contents

Academician Tukhtamurad Dzhuraevich Dzhuraev (on his 90th birthday). A brief
overview of scientific, pedagogical and social activities...........ccccceevvvviiiiiiiieeiieeeeeee,
Aktamov F. On the spaces with an order unitt a new point of

Arzikulov F., Khakimov U. Some associative algebras with inner Rickart
(o0 o 1110 o
Kuchkarova S. A guaranteed pursuit time for an infinite 2-systems of differential
<0 U= 14 0] o 1P
Rajabov S. Regularity of a non-Volterra quadratic stochastic operator..................
Rahmonov A. Well-posedness of the inverse problem for a time-fractional integro-
differential @qUALION ....... ..o
Zaitov A., Eshtemirova Sh. The functor of relatively continuous idempotent
probability measures and normality properties of functors .............coovviiiiiiins
Dzhamalov S., Khudoykulov Sh. On some linear two-point inverse problem for a
three-dimensional wave equation with non-local boundary conditions in
parallelepiPed ..... ..o e
Ibragimov M., Arziev A. Properties of regularity, collinearity, and rigidly collinearity
between certain classes of geometric tripotents ...........coooiiiiiiiiiii i,
Mirsaburov M., Mamatmuminov D. A problem with Frankl-type conditions on the
characteristics and degeneration line, and general gluing conditions for a mixed-
type equation with singular COeffiCIENtS. ... ..o
Oripov D. Investigation of an initial-boundary value problem for a degenerate
partial differential equation of high even order........ ..o
Ruziev M., Kazakbaeva K. On a non-local boundary value problem for the
Holmgren equation with a singular coefficient...............oooiiiiii i

12

26
31

48

66

73

85

93

105



CopgepxaHue

Akapgemuk Tyxtamypap [xypaeBu4u [xypaeB (k 90 — netmo co AHSA
poxaeHus). KpaTkmi 0630p O HayyHo—Mnedarormyeckom u obLiecTBEHHON
D LY =Y 1Yo o
AkTamoB ®. [1pocTpaHcTBa C NOPAAKOBOM €OMHULEN: HOBbIW B3rNag..............
Ap3ukynoB ®., XakmmoB Y. HekoTopble accouuatMBHble anrebpbl C
BHYTPEHHUM PUKKAPTOBBIM YCITOBUEM. ... eueeenteeteneeeneneaeenaneaeenenennenenenenens
KyuykapoBa C. [apaHTMpoBaHHOE BpeMs npecnenoBaHust Ansi 6eckoHeYyHomn
cucTemon 2-6no4HbIX AnddepeHUNanbHbIX YPABHEHUM . ........vveeeeeeeeaeanananss
PaxaboB C. PerynapHoCTb OLHOroO HEBOMbLTEPPOBCKOrO KBaApaTUYHOro
CTOXACTUYECKOTO OMEPATOPA ... e v ereneeeneneenenaneeetaneeeeeeaeateneaeetaneaeenenenenns
PaxmoHoB A. KoppektHoCcTb obGpaTHOM  3agjayuM  Ons UHTerpo-
AanddbepeHLmanbHOro ypaBHeH st ¢ APOOHBIM NPON3BOAHBIM MO BPEMEHM. .......
3antoB A., JduwrtemumpoBa L. DYyHKTOP OTHOCUTENBLHO HENPEPbLIBHbIX
NOEeMMOTEHTHbIX BEPOSITHOCTHbLIX MEP M CBOMCTBA HOPMasribHOCTM (OYHKTOPOB...
OxamanoB C., XypoukynoB LU. O HeKoTOpOM NMHEWNHOW [OBYXTOYEYHOM
obpaTHon 3agadve Ons TPEXMEPHOro BOSIHOBOrO YpaBHEHUSA C HeroKarbHbIMU
KpaeBbIMU YCIOBUAMM B MAPANNENEMNMUMEAE ...uneeeneneaeeneeaeeteeaeeneeneenenenens
MoparumoB M., Ap3umeB A. CBoWCTBaA OTHOLIEHUUN PETYNAPHOCTY,
KONMIMHEaApPHOCTU U CTPOro KOSINIMHEApHOCTU MeXAy HEKOTOpbIMU Khnaccamu
TEOMETPUUECKMX TPUMOTEHTOB. ... e vttt teteeeeteae e eteaeee e ee e e e aeeaeeneneanenenenens
MupcabypoB M., MamaTtmymuHoB [1. 3agada ¢ aHanoramu ycnosus dpaHkns
Ha rpaHN4YHOM XapaKTEPUCTUKE M Ha OTpe3ke BbIPpOXAEHUS U C obwumun
YCIOBUAMU COMPSDKEHUS ANSA YPaBHEHWA CMELLUaHHOro TUna C CUHIYNSPHbIM
(1C@ e To 00 o) T 17T 0
OpunoB [. lccnegooBaHume OOHOWM HayanbHO-TPaHM4YHOM 3ajaun  Aans
BbIPOXOAOLErocs ypaBHEHUSI B YaCTHbIX MPOU3BOAHbLIX BbICOKOrO YE€THOro
0] 0 =
PysuneB M., KazakbaeBa K. O6 ogHon HenokarnbHOW KpaeBOW 3ajade Ons
ypaBHeHNA XONMIrpeHa ¢ CUHTYNAPHbBIM KOIMMUUNEHTOM .....ovvvneenieenineannnn,

12

26

31

48

66

73

85

93

105



b i
Bulletin
of the Institute

Aktamov F. On the spaces with an order unit: a new point of view i vavemais

ON THE SPACES WITH AN ORDER UNIT: A NEW POINT OF
VIEW

Aktamov Feruz
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feruzaktamov280@gmail . com

Abstract

In the present paper in a partially ordered linear space we consider a base that generates a
convex Hausdorff topology in it. Further using elements of this base we obtain a metric and
a norm on the given space. We show the achieved space is a space with an order unit. The
way obtaining a partially ordered topological linear space gives the possibility to investigate
the spaces with an order unit with a new point of view.

Keywords: Metric; norm; order unit; A-subspace.
MSC 2020: 46A03, 46A40, 46B40
1. Introduction

Ordered vector spaces made their debut at the beginning of the twentieth century. They were developed in
parallel with functional analysis and operator theory. The theory of ordered vector spaces plays a prominent
role in functional analysis [, [2]. It also contributes to a wide variety of applications and is an indispensable
tool for studying a variety of problems in engineering and economics [3], [4].

Recently, it has been appeared the order-preserving analysis [5] which can be interpreted as a generalization
of the Functional Analysis. Properties of order-preserving functionals on a space with an order unit was
investigated in [6]. 7-smooth order-preserving functionals were considered in [7]. In [8] the authors established
a variant of the Hahn-Banach theorem. Uniform boundedness principle for order-preserving operators was
explored in [9]. The notion of an order-preserving functional finite degree was introduced in [I0], and was
got analogical to the linear case properties. An open mapping theorem for order-preserving operators was
established in [I1]. And a variant of the Banach-Steinhaus theorem for order-oreserving operators was obtained
in [12].

In the present paper we offer a way obtaining to get a partially ordered topological linear space which gives
possibility to investigate the spaces with an order unit with a new point of view. We introduce a base in a
partially ordered linear space which generates a topology in it. Using this base we construct a metric and
a norm in the space. In this case, the methods in [I3] [14], were widely used. A notion of an A-subspace
was considered and constructed examples showing difference between subspace and A-subspace. Note that
A-subspaces widely used in the order-preserving analysis.

2. Preliminaries

Let L be an ordered real linear space. We denote by L™ the set of non-negative elements of L. If for every
a € L there exists such a number A € RT that —Ae < a < e then the element e € LT is called the order
unit of the space L. Moreover, if the order < in the space L is the Archimedean order, then a correspondence
a— |la|| =inf{\ > 0: — Xe < a < Ae} forms a norm. If the space L is a Banach space with respect to this
norm, then (L, e) is called a space with an order unit [15], [11].

We will offer a way to build a space with an order unit. Consider arbitrary points x1, x2 in a partially ordered
linear space L over the field R of real numbers. A set [z1, 23] = {az1 + (1 — a)za: «a € [0, 1]} is called a
segment connecting x; and z2 [8], [9]. A point z € [x1, xo] is called an interior point of the segment [z1, 22]

if 1 # x # x4.

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2024, VOL.7, NO 5 6
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Definition 2.1 [5] Let K be a cone and 2 € K. A point z is called an interior point of K, if for every segment
[z1, x2] C L containing x as interior point the segment [z, x2] N K also contains it as an interior point. The
set of all interior points of the cone K is called the interior of the cone and denoted by Int(K).

Let L be a partially ordered linear space over the field R of real numbers, the element § € L be the zero of
the space L and a subset K be a cone in L satisfying the condition K — K = L. We assign some interior
point zg € K and, taking the number ¢ > 0 define the following set [16]:

0,8) ={x e L: (dzo £z) € Int(K)}. (1)

For each z € L we form the following set

(2,0) ={y € L: (dzo = (y—2)) € Int(K)}. (2)

Let us build the following the family of the sets of the form
B={(z,0): z€ L, § >0} = gL{<z,§>:(5>0}. (3)
z

In the work [I6] the authors showed that the family B forms a neighborhood system of some topology in L.
It has proven that the ordered linear space L is a Hausdorff topological space according to this topology, and
is a linear topological space with respect to the usual algebraic operations.

3. Main part
At first, we show that the linear topological space L is metrizable.
Consider a corresponding p: L x L — R which defines by the following equality
plx, y) =inf{\ > 0: y—x € (0, \)}. (4)

Theorem 3.1. The function p: L x L — R is a metric on L.

Proof. To show that L is a metric space, we need to check that the function p satisfies the metric conditions.

(M1) Identity axiom. Let x, y € L. Identity axiom requires that p(z, y) = 0 if and only if = y. Indeed, the
equality p(z, y) = 0 by the definition means that for every A > 0 one has y — x € (4, \). But the exact lower
bound of such A is zero. That is why y — = = 0 which yields y = .

Clearly, the equality © = y immediately implies that p(z, y) = 0.

(M2) Non-negativity axiom. Now we consider the case x # y. Since L is a Hausdorff topological space, in this
case there exist A1, Ag > 0 such that, relations = & (y, \2), and y & (x, A1) are fulfilled. The latter relations
imply z —y & (0, A2) and y — « & (0, A\1). This ensures that the following inequality holds

plx, y) > min{A;, Ao} > inf{A >0: y—x € (A, \)} > 0.

Thus, p(z, y) > 0< x #y. So, p(x, y) > 0.
(M3) Symmetry axiom. According to the definition of the function p and the neighborhood (6, §) we have:

(y —z €6, 5)) & (5:170 t(y—x) € Int(K)) & (5:00 t(z—y) eInt(K) < (z—y) € (0, 5>)
So, p(x, y) = p(y, ©).
(M4) Triangle axiom. Suppose y — x € (0, d1) and z —y € (0, d2). Then
z—x=(y—x)+(z—y) € (0, 61 + ).
Thus, there is § > 0 satisfying relations § < é; +d2 and z —x € (#, §). Thus, we have the following expression:

p(z, y)+ ply, z2) =inf{\ >0: y—z € (@, M)} +inf{ro > 0: z—y € (6, \2)} >
>inf{A +X2: A\ >0,i=1,2,y—z € (0, \1) and z—y € (0, A\2)} >
>inf{A>0: z—xz € (0, \)} =
= p(, 2),

that is, p(z, 2) < p(z, y) + p(z, y).

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2024, VOL.7, NO 5 7
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The proof of Theorem 3.1 is complete. O

Theorem 3.2. Let L be a real linear space and let K be its cone such that K — K = L. Moreover, let
xg € Int(K) and 6 > 0. A function || - ||: L — R defined by the equality ||z|| = inf{\ > 0: = € (0, \)}
satisfies all conditions of the norm.

Proof. (N1) Non-negativity. Take any = € L. By the definition ||z|| is the lower bound of positive numbers A
for which z € (6, A\)}. So, it is natural that ||z|| > 0.

Let ||z|| = 0. Then for all A > 0 it should be = € (8, A). Suppose x # 6. Then by virtue of L is a Hausdorft
space there exists A’ > 0 such that = & (6, A'). But this generates a contradiction. So, x = 6.

In the case when z = 0, it is clear that for each A\ > 0 necessarily will be z € (6, ). The exact lower bound
of such positive A\ numbers is equal to 0, i. e. ||z]| = 0.

(N2) Homogeneity. For every z € L and « € R, it is necessary to prove that |ax| = |a| - ||z||. Note that for
each § > ||z|| we have z € (6, §). According to Lemma 2.3 of the work [I6], we get az € a(f, §) = (4, |a|d).
The exact lower bound of numbers in the form |a|d according to the variable § is |al||z|], i. e. ||az| = |af||z||.

(N3) Triangle axiom. For an arbitrary € > 0 it should be = € (0, ||z|| +¢€), y € (9, |ly|| + €). Consequently,
z+y e 0, |zl + llyll + 2¢).
The last inequality gives that
]l + llyll + 2¢ > [l +y].-
The arbitrariness of € provides ||z|| + ||y|| > ||x + y|| while € tends to 0.
The proof of Theorem 3.2 is complete. (|

Theorem 3.3. Let L be a real linear space and let K be its cone such that K — K = L. Then the linear
topological space L, which base has the shape is a space with an order unit. Moreover, each point
xo € Int(K) is its (strong) order unit.

Proof. We need to check the conditions below.
(OU1) Determine the order. We assume that the relationship x <y between the points z, y € L is fulfilled if
and only if y — x € K.

o Reflexivity: For any « € L, x < z. Indeed, z —x =0 € K.

e Antisymmetry: Let z < y and y < z for points z, y € L. Then y —x € K and z —y = —(y — z) € K, that
is, y — z € (—K). From the property K N (—K) = {6} follows that y — x = 6. This means that y = z.

e Transitivity: Let x <y and y < z for points z, y, z € L. In that case, y —z € K and z —y € K. And as a
result of adding them, we get the relationship z — z € K. This means that = < z.

(OU2) Determination of the unit element: Fix any point z¢ € Int(K) and show it is a strong unit. Any point
x € L has a number 6 > 0 such that z € (0, §). It follows that dzo + = € Int(K). Therefore, dxg —x € Int(K)
and dxg + x € Int(K), from here dzg — z € K and dxg — (—z) € K, or x < §zp and —z < dxg. The last two
inequalities can be written in the form of —dxg < x < dxg inequality. So, the point z¢ € Int(K) is a strong
unit.

The proof of Theorem 3.3 is complete. O

Determination of the norm with respect to the unit element. We define the norm with respect to the unit
element by the classical way:

lz]] = inf{A > 0: — Azo <z < Azg}. (5)
Definition 3.1 [7]Let L be a space with an order unit, xq its any order unit, and B a subset in L. The set B

is called an A-subspace in L with respect to zg, if § € B and = € B provides (z + Azg) € B for every A € R.
The A-subspace of the space L with respect to the order unit z¢ is called A*°-subspace.

Lemma 3.1. The subspace L1 of the space L with an order unit is an A™°-subspace if and only if Ly contains
Zo-.

Proof. Let a subspace L1 of space L with the order unit ¢ be a subspace A*-subspace. Since L is a subspace
6 € Ly. Moreover, for every pair of points z, y € L1 and any numbers «, 8 € R one has ax + By € L;. Since

ISSN-2181-9483 BULLETIN OF THE INSTITUTE OF MATHEMATICS, 2024, VOL.7, NO 5 8
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L, is an A®°-subspace we have x + \zg € Ly for arbitrary = € L; and A € R. In particular, o € Ly in the
case z = 0 and A = 1.

Now let a subspace L; of L contains xq. Clearly, 8 € L. For any x € L; and each A € R we have x+ \zg € L.
Consequently, L; is an A%°-subspace.

Lemma 3.1 has been proved. O

Example 3.1. In the Euclidean plane R? with a point-wise order the set K = {(u, v) € R?: « >0 and v > 0}
is a cone in it. It is not difficult to understand that Int(K) = {(u, v) € R?: u > 0 and v > 0}. An arbitrary
taken point in Int(K) can be obtained as an order unit. For instance, the point xg = (2, 1) can be assigned
as a unit order. The set L; = {(u, v) € R2: v = 3u} is a subspace and z¢ € L. Hence, the subspace L; is
not a A M_subspace.

If 2y = (3, 1) is taken as an order unit, then zg € Ly = {(u, v) € R*: v =3u} and L; is an A(%’l)—subspace.
In general, an A-subspace is not necessarily a subspace of a space with an order unit.
Example 3.2. In the above example, let g = (2, 1) be an unit order. Then
Ly ={(u,v) eR*: v=3uVv ,v=3u+1Vvo=1L1u-2}
is an A D_subspace, but not a subspace.

The whole space L is its an A"°-subspace for any order unit xzy € Int(K). Besides, the set {Azg: A € R}
is also an A*°-subspace. These two A*°-subspaces we call trivial A%0-subspaces [6]. However, unlike linear
subspaces, the set {6} is not an A*°-subspace for any order unit zog € Int(K).

Lemma 3.2. The intersection of an arbitrary family of A*°-subspaces in a space L with an order unit is an
AT _subspace.
Proof. Assume that {L,: « € I} is a family of A¥°-subspaces in a space L with an order unit. Then, since

0 € L, for each a € I, we have 0 € ﬂILa. Let z € ﬂILa be an arbitrary point and A € R any number.
aE ac
Since z + Axg € L, for all a € I, we have (z + Axg) € ﬂILa.
ae

Lemma 3.2 has been proved. ]

The intersection of all A*°-subspaces containing a given set X C L is the minimal A*°-subspace containing
the set X. This A" -subspace is called a weakly additive span [3] of the set X (with respect to the unit order
zo) and is denoted as A*°(X).

Lemma 3.3. The union of an arbitrary family of A*°-subspaces in a space L with an order unit is an

AT _subspace.

Proof. Assume that {L,: « € I} is a family of A*°-subspaces in a space L with an order unit. Then, since

0 € L, for each o € I it follows that § € |J L. For any z € UILa and A € R we have (z + Azg) € UIL”‘
acl [e1S ac
because of existing o € I such that € L, and (z + Azg) € L,.

Lemma 3.3 has been proved. |

Let L be a linearly ordered space, and let a, b € L. The set [a, b], = {z: a < z < b} is called an order-interval.
Clearly, if a £ b then [a, b, = @.

Definition 3.2. If [a, b] C A for any taken elements a, b € A, then A C L is said to be convex with respect
to the order in L

Lemma 3.4. For any number § > 0, the neighborhood (0, &) is a convex set with respect to the order in L.
Proof. Suppose z1 < x5 for elements z1, x2 € (6, §). Consider an arbitrary element = such that z; <z < xs.

We have dxo+x € Int(K) since —x < —z1 and dzg —z € Int(K) because of © < o, that is, dzotx € Int(K).
Therefore, z € (0, §). Since the element z is arbitrary, [z1, 2], C (6, ).

Lemma 3.4 has been proved. O
In essence, Lemma 3.4 can be clarified as follows:

Lemma 3.5. For any number 6 > 0 and any point xo € Int(K) the equality C1({0, §)) = [-Idxg, dxo), holds.
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Theorem 3.4 The topology generated by the base is a convex topology on L.

Proof. First of all, let us show that (6, §) is convex, § > 0. For each pair z, y € (0, ) and arbitrary
number a € [0, 1] from dzg £ z € Int(K) and dzg £y € Int(K) it follows dzg + ax € Int(K) and
dxg £ (1 — a)y € Int(K). That is why dzg £+ (ax + (1 — a)y) € Int(K). So, ax + (1 — )y € (0, J), i. e. the
neighbourhood of the zero is convex. The convexity of (f, §) and since (z, §) = (6, §) + z we conclude that a
neighbourhood (z, ¢) is convex.

The proof of Theorem 3.4 is complete. ]
Lemma 3.6. If for a nonnegative vector xq in the partially ordered topological vector space L the set

Int([—x0, 2olo) is an open neighborhood of the zero, then the point xq is an inner point in the cone K.

Proof. Let g € L be a positive vector. Since Int([—zg, xo),) is a neighborhood of the zero there exists a vector
u € Int([—x0, Tolo) such that u € Int(K). Otherwise we have Int([—zo, xo]o) N Int(K) = @. Consequently,
Int([—z0, zolo) N K = @. The last equality holds if and only if ¢ € K \ Int(K). Then Int([—zo, zolo) = @
and Int([—zo, xo]o) does not contains the zero, i. e. it is not an open neighbourhood the zero in L. So,
xo € Int(K).

Lemma 3.6 has been proved. O
Proposition 3.1. For every pair of numbers 01, da with 5 < 62 and for any x € L we have (x, 61) C (z, Ja).

Lemma 3.7. For any open neighborhood V' of the zero in a partially ordered linear topological space L there
is a sequence {V,,} satisfying the conditions Vi =V and Vyp1 + Vo1 C Vo, n=1,2, ...

Proof. Taking an arbitrary number § > 0, and putting 6; = 6, d,, = 3%1(5, n=1,2,..., we have

<97 5n+1> + <97 67l+1> = <97 §6n> - <97 671)
Lemma 3.7 has been proved. O
Theorem 3.5. A partially ordered topological linear space L with the topology generated by the base i

complete.

Proof. To show that this topological vector space is complete, it is necessary to show that any Cauchy
sequence converges. Let {x,,} C L be a Cauchy sequence. Then, according to the definition of the Cauchy
sequence, for each € > 0 it has to exist a number N € N for numbers m, k > N for which z,, — a2, € (0, ¢).
Tending ¢ to 0, that implies N — oo, we have

lim  (z, —xk) = 6.

N—o0,
m>N, k>N
In the other words, lim x,, = lim =z, or, more simpler lim z,, = lim z;. The last equality shows that
N—o00 N —o0, m— 00 k—o0
m>N k>N
the given sequence {z,} converges. Let ' = lim z,. It remains, that zy € L. But it follows from the
n—oo

convexity of basic neighbourhoods of the zero.
The proof of Theorem 3.5 is complete. O
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TARTIB BIRLIKLI FAZOLAR: YANGICHA QARASH
Aktamov Feruz

Ushbu magqolada gisman tartiblangan chizigli fazoda gavariq Hausdorf topologiyasini hosil giluvchi baza
qaralgan. Keyinchalik, ushbu bazaning elementlaridan foydalanib, berilgan fazoga metrika va norma kiritiladi.
Magqolada hosil gilingan bu fazo tartib birlikli fazo ekanligi ko‘rsatiladi. Qisman tartiblangan topologik chiziqli
fazoni hosil qgilishning bu usuli tartib birlikli fazolarni yangicha talginda tadqiq qgilish imkonini beradi.

Kalit so‘zlar: Metrika; norma; tartib birlik; A-qismfazo.

ITPOCTPAHCTBA C ITOPSJIKOBOM EAWHUIIEN: HOBBIN B3TJISI
Axramos Pepy3

B Hacrosimeit pabore B 4aCTUYHO YIIOPSIIOUYEHHOM JIMHETHOM IIPOCTPAHCTBE paccMaTpuBaeTcs 6a3a, OpoXKIa-
10Iasi B HEil BBIMYKJIYIO TomoJsoruio Xaycaopda. lasee, UConb3ys 371eMeHTHI 9TOi 6a3bl, MOIydaeM METPUKY
¥ HOPMY B JIAHHOM IIPOCTPAaHCTBE. MbI [MOKa3bIBAEM, UYTO IOy YeHHOE IIPOCTPAHCTBO — 9TO IIPOCTPAHCTBO C
MOPsIIKOBOIt eaunmieit. Takoit crmocod moIydeHnsT TaCTUIHO YIIOPSIOIEHHOT0 TOTOJOTHTIECKOTO JTMHEHHOTO
MIPOCTPAHCTBA JIA€T BO3MOXKHOCTB UCCJIEIOBATH IPOCTPAHCTBA C €IUHUIEN TTOPSIIKA C HOBOI TOYKM 3PEHUS.

Krouesbie cijioBa: Merpuka; HOpMa; OPsIJKOBasl €IMHUIIA; A-TIOAIIPOCTPAHCTBO.
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