13-Mavzu. Monoton funksiyaning limiti. Ba’zi bir ajoyib limitlar.
REJA
1. Monoton funksiyaning limiti 
2. Birinchi ajoyib limit
3. Ikkinchi ajoyib limit
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1-misol[footnoteRef:1].  tenglikni isbotlang.  [1:  Сlaudio Canuto, Anito Tabacco. Mathematical analysis I.93-94p] 


















 intervaldagi barcha  larda  tengsizlik o’rinli.  bo’lgani uchun uchchala tomonni  ga bo’lsak,  tengsizlik hosil bo’ladi. Undan   tengsizlik kelib chiqadi. Bu tengsizlik  ni    bilan almashtirganda ham o’zgarmaydi, chunki     Shuning uchun,yuqoridagi tengsizlik  dan farqli barcha  larda o’rinli. Shu bilan barcha  da  tengsizlik hosil bo’ladi. Bundan   ekanligi kelib chiqadi.
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2-misol.[footnoteRef:2]  [2:  Сlaudio Canuto, Anito Tabacco. Mathematical analysis I.105-106p] 















Buni isbotlash uchun, avvalo  ekanligini ko’rsatamiz. Buning uchun  ga intiluvchi  ketma-ketlikni olamiz. Barcha  larni  deb qarash mumkin. ning butun qismini  orqali belgilaylik, ya’ni  .  ketma-ketlik  ketma-ketlikning qismiy ketma-ketligi bo’lib,  bo’lgani uchun  kelib chiqadi. Endi ushbu  tengsizlikdan 




 va  tengsizliklarni hosil qilamiz. 


 tengsizliklardan oraliq o’zgaruvchining limiti haqidagi xossasiga asosan  kelib chiqadi.





Bundan  ekanligi kelib chiqadi. Endi   ekanligini ko’rsatamiz. Agar  belgilash kiritsak,  da  ekanligi kelib chiqadi.


 







Demak,  tenglik kelib chiqdi. Ikkala tenglikdan    kelib chiqadi. Bu formuladan  ekanligini keltirib chiqarish mumkin. Haqiqatan,  almashtirish kiritsak,  da  bo’lib,  kelib chiqadi. 

3-misol.  ekanligini isbotlang.


 Xususiy holda,  kelib chiqadi.

 tenglikni isbotlang.





 desak, ,  bo’lib, da  bo’ladi.


. Xususiy holda,   bo’ladi.

Xuddi shu usulda  ekanligini keltirib chiqarish mumkin.


1. Chap limit - limit funksiyasining  nuqtadagi chap limiti deyiladi.


2. O’ng limit -  limit funksiyasining  nuqtadagi o’ng limiti deyiladi.
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it follows

sinx . sinzx
ie., cosr < —.
T

z <
2 " 2cosz’
Eventually, on 0 < z < 7 one has

sinx
cosr < —— < 1.
T

The continuity of the cosine ensures lim cosz = 1. Now the claim follows from

z—0

the Second comparison theorem.

i1 We would like to study how the function g(z) = SmE

to +00. Remember that

behaves for z tending

—1<sinz <1 (4.6)
for any real z. Dividing by z > 0 will not alter the inequalities, so in every
neighbourhood I4(+00) of 400
sinz

8|~
SR

< <

T

1 1 1
Now set f(z) = —=, h(z) = — and note lim — = 0. By the previous theorem
T x

z—+o0 T

sinzx

= 0.

lim
z—4oco T
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Consider the paramount limit (3.3). Instead of the sequence a,, = (1 + —> , we
n

look now at the function of real variable

h(z) = <1+%>

It is defined when 1+ 1 > 0, hence on (—oo, —1) U (0, +0c). The following result
states that h and the sequence resemble each other closely when z tends to infinity.

Property 4.20 The following limit holds

l xr
lim (I + —) = 8.
T=>0OO £
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By manipulating this formula we achieve a series of new fundamental limits.
€Z

The substitution y = £, with a # 0, gives

@

a\® 1\ 1\“1*
lim (1 + —) = lim <1 + —) = [ lim <1 + f> } = e,
z—toc T y—too Yy y— oo Yy

In terms of the variable y = % then,

, 1\
lim (1+2)"* = lim <1+—> =e.

z—0 y—toc Yy
The continuity of the logarithm together with (4.11) furnish

1 1
i 108a (1 +2)
z—0 T

= lin%) log, (14 )" =log, lin%) (1+2)'/% =log, e =
r— T
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for any a > 0. In particular, taking a = e:

. log(l+x)
lim —————
=0 o

=1

Note by the way a® — 1 = y is equivalent to x =log,(1 +y), and y — 0 if x — 0.
With this substitution,

| log, (1 !
lim &= = lim —2 = |ilim w} = log a. (4.12)
20 I y—0log,(1+y) [v=0 gy

Taking a = e produces

1
lim : —

x—) £

Eventually, let us set 1 + z = €Y. Since y — 0 when z — 0,

(142 —1 . eW—1 e _1 y
lim ——— = lim = lim
z—0 x y—0 e¥ —1 y—0 y e —1
(4.13)
= lim () lim —2 =loge® =«
=0y yoe¥ —1

for any o € R.
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' Let us prove the fundamental limit

BT
lim -
=) i

= 1. (4.5)

singz . sin(—x —sinz sinz .
Observe first that y = —— is even, for (=2) = = . It is thus
T — —x x

sinz

sufficient to consider a positive = tending to 0, i.e., prove that lim+
z—0 x

S < 1. To find a

=1

Recalling (3.13), for all z > 0 we have sinz < z, or

s

lower bound, suppose z < 7 and consider points on the unit circle: let A have
coordinates (1,0), P coordinates (cosz,sinz) and let @ be defined by (1,tan z)
(Fig.4.4). The circular sector OAP is a proper subset of the triangle OAQ, so

Area OAP < Area OAQ.

Since
Area OAP = % =

% and Area OAQ = : =
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