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Anrebpa Ba TEKUCAMKAAINM TEOMETPUAHUHI UHTerpaumscu 6opacuparn 6ytoK

KawddunétnapgaH bupun dpaHuys darnacydu PeHe [ekapT HOMM BunaH BGOFNUK.
[leKapTHUHI TabKmManawmya TekMcamkaarn EBkang reometpuacuHm onmnb (x,y) yHu
TapTUBNaHraH XaKUKUIM cOHNap XKyPpTtamru bunan 6ofnaw

Y annaHa KypUHUWINAATM KBAAPAT TEHINMAMAHUHT €4MMU SKAHAUTUHU aHUKNAAMN.
by epaa r>0 annaHa pagnycu. AHANUTUK reomeTpuma UKKKM yndamam  daso
TeKucamrmu bunaH nango 6ynau. JleknH XapaéH by epaa Tyramagm Ba 6anku

HYKTaHM $Pa30HM to3ara Kenmwura cabab 6ynyBum TapTnbnaHraH n 1a XakUKum
coHnap Tynaamu () bunaH moc

Kynuauwmra onnb kengwn.

The discovery of a way to integrate algebra and plane geometry was among
the greatest of the many achievements of the reknown French philosopher
René Descartes. Descartes noticed that if you take Euclid’s plane geometry
and associate an ordered pair of real numbers (x, yv) with each poinr, a
line could be identified with the set of points satisfying the linear equation
ax + by = ¢, where a, b,c € R. He then discovered that a circle could be
identified with the solution to the quadratic equation x? + y? = r2, where
r = 0 1s the radius of the circle. Analytic geometry was born, and with the
notion of the plane as a two dimensional space R?. But the story does not
end there, or even with the generalization of a point to an ordered set of n
real numbers (x;.....x,). giving rise to n-dimensional real space R" for
any natural number n = 0.



EBKAMA aKCMOMaNapuUHUHT Bupura Kypa xap 6up HyKkTanap XKyptamrm oump
KMAMATAM Tap34a TYFPU UYM3UKHU aHUKNanan. Anrebpaunk HyKTam Ha3apuaaH

vi = (x1,y1) Ba va = (x2, y2) HYKTanapra Kypa Kymuaarv teHrnamanap
KYPTAUTMHN eunl BunaH TYFPU YN3UK TEHTTAMACUHUHT KOIOPULEHTNAPUHM

TOMUWNMMN3 MYMKUH. ax; + byvi =c¢ i =1.2
a, b Ba c nap opacupaa x1ys # x2y1 MyHocabat barkapuaraHga Kynmunaaru
bofnaHuWNap MaBKYA. 4= 22 ) b= o2

)2 —Xahn )2 =N (1)

By epaa c Hon 6ynmaraH xakukuii coH.Arap X1 ¥2 = X2)1 NeKMHX1 # X2, y
xonpac=0B8a a/b = (y2 — y1)/(x2 —x1) Wy Tap3ga TYFpu YM3KK
KoopAauHaTanap bowmnaaH ytmb «x £ . Kuanukra ara. HuxosaT, arap x; = xa,
6ynca 6y TYFPU YM3UK FTOPU3aHTaN TYFPU YN3UKAOMP.

One of Euclid’s axioms is that every pair of points uniquely identifies a

line. Algebraically we can find this line, given the two points vy = (x31. V1)
and vo = (x2. ¥2). by solving the pair equations
ax; + bvi = c i = 1.2

for a, b, and ¢, getting, as long as x; v ¥ X2V,

Ty — X2 — X
a — ¢ ¥z | . b — ¢ 2 1 ) (6.1)
X V2 — X2V Xy ¥z — A2 Vi

where ¢ is any non-zero real number. If x; vy = x2>wv; but x; # x2. then
c = 0and a/b = (y2 — v1)/(x2 — x;). so the line is through the origin
with slope a/b. Finally, if x; = x>, then the line is the horizontal line
1(x, ¥)|x = x1 %



I XaKMKUIA COH Ba v = (x, y) HYKTa KoopAuHaTanapwv Kynaitmacuum v =r(x,y) = (rx,ry)
KYPUHULLNAAE aHUKNAMMM3, MKKM HYKTa KOOPAMHATaNapy MUFUHANCUHM

(X1, ¥1) + (X2, 2) = (X1 + X2, ¥1 + y2) Kyimngarnua aHuknanmms , y xonga V,,
V,nap 6bunaH aHMKNAHIaH TYFPU YU3UK HYKTanap Tynaamum Kynmaarmya
aHuKNaHagu. {v' =rv; + (1 —r)vy|r € R}.

As you can see, the description of the line between two points 1s quite 1n-

elegant and hard to use because we must discuss three distinct cases. Thus,
every time we want to study something using a line, we have to deal with

three separate cases. If we want to talk about k lines, we must deal with 3*
separate cases!

However, you could also note that if we define the product of a real num-
ber r and a point v = (x, y) asrv = r(x,y) = (rx,ry), and if we define
the addition of two points as (xy, yy) + (x2, ¥2) = (x; + x2, y1 + y2), then
the line including vy and v2 simply as the set of points

V' =rvy + (1=r)va|r € R (6.2)



ByHM KYypcaTuLL YYYH Xap yd4ana XonaTHU Kapab Yynkmwmmus 3apyp, arap 6ms
TYFPU UM3UK Xakukataa V,, V, HyKTanap opacmaa ETULLINIA UWOHY XOCU KUNCAK,
613 xycycui xonnapra Kantmammma. ®apas Kmnamnmk: X1y2 75 X2Y¥1 6yncuH. Y
xonaa (1) YpuHAM aKaHAUTUAAH UXTUEPUN HYKTAHU (x, ¥) = rvi+(1—r)v2
KYpuHuUwmnaa ndoganacak cus achmga axi + by, =c i = 1,2 3KaHAUTNHMU
TEKLWUMPULLNHIM3 MYMKUH By epaa a, b nap (1) aa 6epunran Ba ¢ HU
coganawTupmw bunan tonamma. MeH yKyBumnra X1y2 = X2¥1  nekunH X1yz2 = X2)1
Ba X1 = X2. OYyAraH xonatiapHu TEKWNPULIHU KonanpamaH. V,, V, HyKkTanap
opacmnaarm kecma aoum {rvy + (1 — r)vz|r € [0, 1]}. HyKTanap Tynnamm
KYPMHULWIMAA MWOAANAHULIN MYMKUH. XaKuKataa xamrvy + (1 —r)va Hykta vV,
V, HyKTanap opacvMaarv KecmaHu r : 1 —r Hucbatga 6ynagn. Mucon yuyH

VO =v,, vl =v; . ¥vY'Z 6y TVFPU YN3UK CErMEHTUHMHT YPTa HYKTaCW.

To show this, we do have to consider all three cases, but when we are sat-
1sfied that this set really is the line between v; and v>, we will never again
have to consider special cases. So, suppose x; v> 7 x2V;. Then the formu-
las (6.1) hold. and if we substitute in any point (x., ¥) = rvi+(1l—r)va, you
can check that indeed ax + by = ¢, where a and b are given by (6.1), and
simplify, we get ¢. I leave it to the reader to check the cases x1y2 = x2w1
but x; # x2, and x; = x2.

It 1s also true that the line segment between v; and vz i1s just the set of
points {rvy + (1 — r)vz|r € [0,1]}" Indeed, the point rvy 4+ (1 — r)va
divides the line segment between v; and vz in the ratio r : 1 — r, so, for
instance, v? = v,, v! = v;, v!/? is the midpoint of the line segment, and
SO On.



By TaCAMKHWHT 3HT coaaa ucboTn HyKTanapaaH ObMpUHM sHT
Kynanm Ba3uAaATAa KoWnawTtmpamm3. HaTtuka HYKTAHWUHT
Kaepda XounawraHauvrura samac, 6ankm ynapHuHr bup-
bupura HucbataH KaHAan KounawraHamrura O60FAnK
bynaau.
IOKopHAaa auTuAraH BasnATAa V, HUHT KOOpAUHATanap
Golmnra KyumpuaraH BasmaTMHM onamms, y xonga 1=0=(00)
6ynmnb 6yHM HoNb BEKTOP Aeb aTanaan. byHaaH v = rv,
HUHI KOOpAMHaTanap bowmnaaH Ba W1 HYKTaZaH YTYBYM
TYFPU YN3UK SKAHAUTU Kennb ynkaan. LLUyHUHT yyyH by
TYFPU YM3UKNAP OUTTa Ba daKaT butra. ¥ TyFpm un3uk 0
Ba V1 HYKTa/sap opacuaarn KecmaHu r : 1 —r Hucbataa
BYANLWMHN NCOOTNALLMMMU3 YYYH HYKTaA Ba HOJ1 BEKTOP
opacmnaarn macodaHm aHUKAAWMMM3 KepaK. MabaymKy,

© Ba v=(x») opacmaarn macoda v = /2 +y2 bunaH
aHWMKNaHaau. byHaaH arap» = © 6ynca, y xonaa rivl = |rv
bynagn. lemak, *» HyKTa ® BaYrKecmaHu r:1—r
HMcbaTaa 6ynap sKaH.



MKKWUTa xap XU v2 Bav; HYKTanap opacmgarn  macoda
VG2 =x)2 + (y2— 1)2 dopmyna opKanu Tonunagu.

The easiest way to prove these statements 1s to move one of the points to
a position where the calculations are easy, prove the statements there, and
then show that the result does not depend on the absolute location of the
points, but only on their relative location to each other. In this case, let’s
move Vs to the origin, so v, = 0 = (0,0) the so-called zero vector. In this
case, v/ = rvy, for which 1t 1s obvious that v" 1s on a line with the same
slope as the line through the origin and vy, so the two lines must be the
same. To prove the assertion that v" cuts the line segment between 0 and
vy inthe ratio r : 1 —r, we must define the distance between a point and
the zero vector 0. We define this just as you learned 1n algebra: the length
of the line segment from 0 to v = (x, y) is [v| = y/x* + y2. From this
definition, you can see that r|v| = |rv| if r = 0. This shows that v" divides
the line segment between 0 and v; in the ratior : 1 —r.



Endi vector tushunchasini va uning hossalarini ko’rib chigamiz.

Maktab geometriyasida kesma deb, to’g’ri chizigning berilgan ikkita A va B
nuqgtalari orasida yotgan hamma nugtalardan iborat gismiga aytiladi. A va
B nugtalar kesmaning uchlari deyiladi. Kesma o’z uchlarini ko’rsatish bilan
belgilanadi «ABkesma», AB va BA kesmalar geometrik nuqgtai nazardan
bitta kesmani bildiradi, agar ularning yo’nalishlarini e’tiborga olsak ular
turli kesmalar bo’ladi.

1 - ta’rif. Agar berilgan kesmaning uchlari tartiblangan bo’lsa , u holda
bunday kesma yo’nalgan kesma deyiladi. Yo’nalgan kesmaning birinchi uchi
uning boshi,ikkinchi uchi esa oxiri deyiladi.

= B

L

1 —chizma



Yo’nalgan kesmani bilan belgilaymiz (1-
chizma).

Yo’nalgan kesmaning uzunligi deb, kesma
uzunligiga aytiladi va yoki B bilan belgilanadi.

2 - ta’rif. Agar va nurlar birxil (garama-qgarshi)
yo'nalgan bo’lsa, va yo’nalgan kesmalar bir xil
(garama-qarshi) yo’nalishli deyiladi.

3 - ta’rif. Uzunliklari teng yo’nalishi bir xil
bo’lgan barcha yo’nalgan kesmalar to’plamini
ozod vektor yoki gisgacha vektor deb
ataladi.(2-chizma)

(Introduction to Calculus Volume Il. pp 1)



Vektor ustiga '"—'" belgi go’yilgan kichik lotin harflari z,z,z,... bilan yoki qo’yiq
gilib yozilgan kichik lotin harflari g,8,c,... bilan belgilanadi.
2-chizma

Vektor so’zi lotincha vector — so’zidan olingan bo’lib, tashuvchi, olib yuruvchi
degan ma’noni bildiradi. Ta’rifdan vektor, uzunliklari teng bir xil yo’nalgan kesmalar
to’plamidan iborat, ekanligi ravshan. Bu to’plamga tegishli har bir yo’nalgan

kesma to’plamni to’lig aniglaydi. Shuning uchun
agaraB < s bo’lsa, d@ vektorni AB=35 ko’rinishda yozishimiz mumkin.

A nuqtase vektorning boshi, B nugta esa aB vektorning oxiri deyiladi. Yo’nalgan as
kesmaning uzunligias vektor uzunligi, yoki moduli deyiladi va lag | ko’rinishida
belgilanadi.

4 - ta’rif. Uzunligi birga teng bo’lgan vektor birlik vektor yoki ort deyiladi.
5 - ta’rif. Boshi bilan oxiri ustma — ust tushgan vektor nol vektor deyiladi.

ko’rinishida yoki AA , yoki gg ko’rinishida belgilanadi. Nol vektor
yo’nalishi (anig emas) aniglanmagan.




6 - ta'rif. Agar=.: ,m-s Yyo'nalgan kesmalar bir xil
(garama-garshi) yo’nalishli bo’lsagss vae-s lar
birxil (garama-qgarshi) yo’nalishli deb aytiladi.
Agar = vacs lar bir xil yo'nalishli bo’lsa
ko’rinishida, garama — garshi yo’nalishda bo’lsa
ko’rinishda belgilaymiz.

7 - ta’rif. Agar ikkita #s va @ vektorlar bir to’g’ri
chizigda yoki parallel to’g’ri chiziglarda yotsa, u
holda bu vektorlarni kolleniar vektorlar deyiladi.
8 — ta’rif. Agar quyidagi shartlar o’rinli bo’lsa:
1) & va svektorlarning modullari teng ;

2) = va s vektorlarning yo’nalishlari bir xil bo’lsa,

i va bvektorlarni teng vektorlar deyiladi vaz = b

ko’rinishida yoziladi.



1. Agaruchtavektorbirtekislikdayokiparalleltekisliklardayotsa,

|

) &7
3-chizma

3-chizmada parallel to’g’ri chiziglarda va ABCD kvadrat
tomonlarida yotuvchi vektorlar ko’rsatilgan:

1) Bularning gaysi juftlari bir xil yo’nalishga va gaysi juftlari
garama-qarshi yo’nalishga ega,

2) Qaysi juftlari kollinear bo’ladi,
3) Qaysi juftlari teng, gaysi juftlari teng emas.

3-chizma



Vektorlar ustidagi chiziqli amallar

Tekislikda @=EF va A nuqta berilgan bo’lsin. A nugtadan EF to’g’ri chiziqqa
parallel d to’g’ri chiziq o’tkazamiz. (4-chizma) A nugtadan ko’rsatilgan yo’nalishda
a vektor uzunligini o’lchab qo’yib

B nuqtani topamizEF =AB=a . Shunday qilib ni A nugtadan go’ydik, ya’ni ko’chirdik.

9-Ta'rif.Ikkita va vektorlarning yig’indisi deb, ixtiyoriy A nuqtadan g vektorni
qo’yib, uning oxiri B nugtaga b vektorni qo’yganda boshi & vektorning boshi A
nugtada oxiri b vektorning oxiri C nugtada bo’lgan vektorga aytiladi.



a va b vektorlarning yig'indisi a-+b kabi belgilanadi. (5- chizma)
Vektorlarni qo’shish ta’rifidan istalgan uchta A ,B va C nuqtalar uchun AB+BC = AC

tenglik o’rinli bo’ladi. Bu tenglikn ivektorlarni qo’shishning uchburchak qgoidasi
deyiladi

txT]

8

6-chizma

5-chizma



10 - Taif. @ . & vektorlaming ayirmasi deb, shundavzvektorga avtiladiki.

ularu chunb +x=a tenglik o’rinli bo’ladi. Uhﬂldafzﬁ—giﬁ- chizma )

Tkkita vektorning ayirmasi hamma vagt mavjud va bir givmatli aniglanishini

isbotlash mumkin.

11 - Ta'rif. @=0vektominge = Rsonga ko’paytmasi deb quyidagi shartlami
qanoatlantiruvchi p ga avtiladi vap = «-ako’rinishda voziladi.

1|2l = ed-[al:

2) pvekfordga kollinear.

3) Agara >0 bo’lsapvad@vektorlar bir xil yo'nalgan, agara<0 bo’lsa, pvad

R i e aa

vektorlar garama- garshi yo’nalgan bo’ladi.



1l.1-teorema. Vektorlarni go’shish va songa ko’paytirish gquvidagi xossalarga
cga.

1°. Agar 4 wa Bvcktorlar to'plamiga tegishli bo’lsa u holda ularning
yvig'indisi ham shu to’plamga tegishli (vopiglik)

2° [A+F}+E=E+[E+E} (gqo’shishga nisbatan assotsiativ)

e .

3°. Ixtivoriv 4 vectoruchunshunday 0 vector maviudki ular uchun: 4+0=4

munosabat o’rinli hamda 0 vector go’shishga nisbatan nevtral element.

4°, Harbir 4 vector uchun shunday E vector mavjudki ular uchun:

=0 (bunda

da Fni 4 ga garama-garshi vector deviladi va £-—-24).

b

A+

5°. 4+ B=B+4 (go’shishga nisbatan kommutativ)

6°. Ixtivorivmhagqigiv son va ixtivoriy 4. Buvectorlar uchun:

m(ﬁ+§}=n§i+m§

{Introduction to Calculus Volume II. pp 3)



1= . Ttivoriyv ikki hagqigive. £ son va ixtivorny & vector uchumn:

(x - Bla=oa =+ 7 a

27, Ixtivoriv ikki haqgiqiv «. # son_ wa ixtivoriy & wvector uchun:
(ex-G)-a=ax-(2-a)

I
Qi
o
I
Ql

3°. Ixtivoriv & wvector uchun: 1-Z

b b
a

(@+E)+F=a+(b +7)




Isbot. 1, 2 xossalarning isbotini 7, 8
chizmalardan ko’rish mumkin.

3% va 8° xossalar ravshan. 4° ga qaraylik.
Agar a-w bo’lsa, - & sifatida ~nm  ni olish
mumkin. Vektorlarni qgo’shish ta’rifiga
asosan

a (-2 ) =w+wW == o

79 xossalarni talabalar mustaqil ish sifatida
o’rganadi.



Mektorlarning chizigli bog’ligligi.
Ta’'rif. Ixtivorivd:., A:..._A4d_vektorlar sistemasi vac, c....c.hagigiv sonlar

berilgan bo’lsin.

A =c:1§1 +4:131 +---+cﬂﬁn,

Vektorni berilgan 4 vektorlaming chizigli kombinatsivasi deviladi. Bunda 4 vektor

¢ _wvektorlar sistemasi orgali chiziqli ifodalangan dewviladi. ¢, ¢. .. ¢ _ sonlar

chizigli kombinatsiva koeffitsentlari deviladi.

12-ta’rif.Ixtivoriv_4 va B vektorlarning.  J_k haqiqiv sonlar bilan berilgan
chizigli kombinatsivasi JgA+lgB=0 (3.3)

Koeffitsentlarning kamida bittasi noldan fargli bo’lganda (3.3) bajarilsa . u holda
4 va B vektorlar sistemasi chizigli bog’lig deviladi.

Agar (3.3) tenglik &k _k sonlarninchammasi nolga teng bo’lgandagina o’rinli
bo’lsa. 4 va B vektorlar sistemasi chizigli erkli deviladi.

biror vektori nol vectorbo’lsa

1.2-teorema.Acar(3.1) vektorlar sistemasini

u holda bu vektorlar sistemasi chizigli bog’lig bo’ladi.

(Introduction to Calculus Volume II. pp 3-4)



Ishot.Faraz gilavlik . =0bo’lsin. u holdag, = 0.a == =0.

sonlar uchun g, + 4,3, + .+ @,d, = 0munosabat o’rinli bo’ladi. Demak. ta’rifca

asosan (3.1) vektorlar sistemasi chizigli bog’lig.
Quyidagi teoremalarni talabalar o’zlari ishotlasin.

1.2-teorema.Awgar(3.1) vektorlar sistemasi chizigli bog’li

kamida bitta vektori uning golgan vektorlari orqali chizigli ifodalanadi.

1.3-teorema, Ikkita vector chizigli bog’liq bo’lishi uchun ularning kollinear

bo’lishi zarur va etarli.

1.4-teorema, Uchta vektore hizigli bog’lig bo’lishi uchun ularning komplanar

bo’lishi zarur va etarli.



