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The equation of a plane. Fazoda koordinatalar

metodi. Tekislikning turli
tenglamalari




Darsning rejasi va

magqsadi
* 1. Fazoda koordinatalar metod.i.

» 2. Tekislikning dekart koordinatalar sistemasidagi turli
tenglamalari.

* 3. Tekislikning affin koordinatalar sistemasidagi turli
tenglamalari.

- Magsadi : Fazoda koordinatalar metodi. Tekislikning turli tenglamalari
haqgida bilimlar berish, tasavvurlar hosil gilish.




Asosiy tushunchalar:

Tekislik, fazo, koordinatalar sistem
tekisliklarning o’zaro vaziyati, vektor, a
koordinatalar sistemasi, siniq chiziq, deka
koordinatalar sistemasi
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Tekshirish uchun savollar

Tekislik ning turli tenglamalarini ayting.

Eekislik ning umumiy tenglamasi deb nimaga aytiladi?

Umumiy tenglama bilan berilgan tekislik ning normal vektorini ayting.
Agar C = 0 bo’lsa, tekislik ganday vaziyatda bo’ladi?
Agar A =0 bo’lsa, tekislik qanday vaziyatda bo’ladi?
Agar B= 0 bo’lsa, tekislik ganday vaziyatda bo’ladi?
. Agar C=0 bo’lsa, tekislik qanday vaziyatda bo’ladi?




Bu va keyingi boblarda fazodagi geometriya bilan shug’ullanamiz, shuning
uchun uch o’Ichovli vektor fazo vektorlaridan foydalanamiz. Komplanar
bo’Imagan ixtiyoriy uchta vektor bu fazoning bazis vektori bo’lishi ravshan.

Fazoga koordinatalar sistemasi, tekislikdka ganday Kiritilgan bo’lsa, shunday
Kiritiladi.

Fazoning ixtiyoriy O nuqtasiga qo’yilgan uchta &,&, va €&, bazis vektorlar
berilgan bo’Isin (110-chizma).

110-chizma 111-chizma

Bu vektorlar orgali o’tuvchi a,b va ¢ to’g’ri chiziglarni olamiz (anb~c=0).




2-masala. a(x;y;;z,) va b(x,;y,; z,) vektorlar berilgan. Ular orasidagi burchak
kosinusini toping.

—

Echish. a=xi +y,j+zk, b=x,i +y,]j+z,k . Vektorlarning skalyar
ko’paytmasidan

jabll
o

XX, + VY, +4,Z, (3.2)

COSp = — =
b ) ryizt ey

3-masala. N, (x;v,;z,), N,(x,;V,;z,) nugtalar berilgan. Bu nugtalar orasidagi
masofani toping.

Echish. Bu nugtalar orasidagi masofani p(N,, N,) bilan belgilaymiz.
Wz(xz X Yo Y 2y~ 21)-

p(Nv Nz): :\/(XZ_X1)2+(y2_yl)2+(ZZ_21)2 (3-3)

4-masala. Uchlari A(7,2,4), B(4,-2,2), C(6,-7,8), D(9,—1,10) nugtalarda bo’lgan
to’rtburchakning kvadrat ekanligini isbotlang.

N,N,

Isboti. AB, BC, CD, AD vektorlarning uzunliklarining tengliklarini va AB L AD
shartning o’rinli ekanligini ko’rsatish etarli.

AB(-3,-6,-2), BC(2,-3,6), CD(3,6,2), AD(2,-3,6).

Bundan ‘AB‘z‘BC‘z‘CD‘:‘AD‘:M, AB-AD =—-6+18-12=0, demak AB L AD.




Ta’rif. Musbat yo’nalishlari mos ravishda &, va &, vektorlar bilan
aniglangan a, b va ¢ to’g’ri chiziglardan iborat bo’lgan sistemani fazodagi affin
koordinatalar sistemasi deyiladi. (0, &, €, €,) bilan belgilanadi (111-chizma).

O nugtani koordinatalar boshi, &,€&, va & vektorlarni koordinata vektorlari
deyiladi. a to’g’ri chizigni ox bilan belgilab absissalar o’qi, b to’g’ri chizigni oy
bilan belgilab ordinatalar 0’qi, ¢ to’g’ri chizigni esa oz bilan belgilab aplikata o’qi
deb ataymiz. Bu o’qglarning har ikkitasi bilan aniglangan uchta xoy, xoz, yoz
tekisliklarni koordinata tekisliklari deyiladi.

(0,6, €, &) - affin koordinatalar sistemasi, N - fazoning ixtiyoriy nugtasi
bo’lsin. ON vektorni bazis &,§,,&, vektorlar yordamida yoyib yozish mumkin,
ya’ni
ON = XE, + V&, + Z8, (1.1)

Bu erdagi x,vy,z hagigiy sonlar ON vektorning &,,,&, bazislarga nisbatan
koordinatalari deyiladi va ON(x; y; z) ko’rinishda yoziladi. ON vektorning x,y, z
koordinatalari N nuqgtaning ham koordinatalari deyiladi. x soni N nugtaning
absissasi, y soni ordinatasi, z soni aplikatasi deyiladi va N(x;y;z) ko’rinishda
yoziladi.




Agar affin koordinatalar sistemasining koordinata €, €,, €, vektorlari o’zaro

ortogonal va birlik vektorlar bo’lsa, u holda bunday affin koordinatalar

sistemasini to’g’ri burchakli dekart yoki gisqacha dekart koordinatalar sistemasi
deyiladi.

Boshi O nugtada bo’lgan bunday koordinatalar sistemasini (0, 7, ,k) bilan
belgilaymiz (113-chizma), bu erda 2 =j2=k2=1, ij =ik = jk =0.

Bu to’g’ri burchakli dekart koordinatalar sistemasidan foydalanib, metrik
masalalar echiladi.

1-masala. d(x; y; z) vektor uzunligini toping.

Echish. a=xi +yj +zk yozib olsak, u holda | bob 6-§ ga asosan uning uzunligi

\a’\:\/(xh yj7+zI2)2 = X2 +y2+7° (3.1)
ga teng bo’ladi.




Fazoda affin koordinatalar sistemasi berilgan bo’lsa, u holda fazo nugtalari
to’plami bilan ma’lum tartibda olingan hagiqgiy sonlar (x, y, z)e R* uchliklari

to’plami orasida biektiv moslik mavjud bo’ladi.

Agar z=0 bo’lsa, u holda N nuqgta xoy koordinata tekisligida yotadi, chunki
ON =X, + Y§,, & Va &, vektorlar bir tekislikda yotadi. Shunga o’xshash y=0
bo’lsa, N nuqta xoz tekisligida yotadi, x=0 bo’lsa, N nugta yoz tekisligida
yotadi.

Agar y=z=0 bo’lsa, u holda N nuqta absissa o’qida yotadi, agar x=z=0
bo’lsa, U holda N nugta ordinata o’qida, agar x=y=0 bo’lsa, u holda N nuqta

aplikata o’qida yotadi, agar x=y=z=0 bo’lsa, u holda N nugta koordinatalar
boshi bilan ustma-ust tushadi.

Agar N nugtaning x, y, z koordinatalari berilgan bo’lsa, (0, &, €, €,) affin
koordinatalar sistemasiga nisbatan N nuqtaning fazodagi vaziyatini (1.1)
formuladan foydalanib aniglasa bo’ladi. Koordinatalar boshidan ON, = xg,
vektorni qo’yamiz (111-chizma), undan keyin N,N, =ON, = y&, vektorni
qo’yamiz, oxirida N,N =ON, =z, vektorni qo’yamiz. Vektorlarni qo’shish
goidasiga ko’ra, ON =ON1+N,N, + N,N = x& + Y&, + z&,. Shunday gilib, N nuqgta
izlangan nuqta. ON,N,N siniq chizigni koordinata siniq chizig’i deyiladi.

Demak, fazodagi N nugtani yasash uchun uning koordinata siniq chizig’ini
yasash kifoya.




Uchta koordinata tekisligi birgalikda fazoni sakkiz qismga ajratadi, ularning har
biri oktanta deb ataladi. Quyidagi jadvalda oktantalar va undagi
koordinatalarning ishoralari belgilangan.

S TR S L T S A S S

S S S S S S S S L

OKTAHTAa

e
e
e
o
e

”

VIl -~ VIII

SNCRC R

7
v
.‘/
i
it

T U T U T O O N AN R R NN R
N

T TR R D TR D R R R N T

7
sy
.
sy
.
A
5
A
5
A

RS RACRON Fly

KoopauHaTaJap

L S S S S S S S S A B e e P

s v’
e T T L L A S S L

%
7
%
7
%
7
%
7
4
o
4
o
4
7

R N R S N N

S NN NN N N N N
S N N N N N N N

AN N N N N N

WL S S S B LA S S L P S S o T
o4 : iy 74 I
~ . 7 7 %
i : 7 o o
~ S ¥ 7 i
o4 £ 4 74 i
¥ S 5 ¥ ¥
7 7 7 o 2
¥ Z & 5 ¥ - ¥
7 7 7 o 2
¥ 5 5 ¥ ¥
7 o s o v
z # @ 7 %
77 77 77 o b
7 7 s 7 7
77 77 77 o o
A 7 s 7 7
O T T o I T T T A A P A A Y e e i




Aolzo, 0. 20) HYKTa TEKUCMKA OepHITaH HyKTa Ba N BEKTOP TEKHMCIMKTa
mepreHuKysp OYnran Hom Oyamaran Bektop OyncuH. TeKnCTUKHUHT UXTHEPHA
Alz,y.2) HyKTacH 0ymo, fm Ba N BEKTOpAIAp Y3apo mepnermukysp. Hatmwkana

A_{,;i-nzﬂ. (1)

TEHTIIMK YPUHIH OYa.
a,b.c map €x €y € Gasuc BekTOpIAp OWIAH XOCHT KWTMHTAH N BEKTOPHMHT

KOOpJMHATANAPH OYICHH.

—_
V xonza XA =01-04, 0ymu6, (1) TenrmKaaH
a(z = o) + by = yo) + ¢(z = 20) = 0. )

KeJHO YMKA/IH.

; |
) A /

Texucnuk TeHTIAMAacH
DBy TeHrnama mwapTiv TeHrIamMaup.

Form the eguation of an arbitrary plane @ he rectangulor Cortesmn coord
nates Tya.

Let Aglza, o, 20) be a pomt in a plane and ma nonzra veetar perpen
dicular wc plane. Then whatever the point of the plane A(x,y,z) is, the

veetars AgA and m are mutually perpendicular [Fig. 19.1). Hence,
-t
AA-n=0 (+)

Let @ b cbe the coordinates of the vectar mwith respect to the basis e,
&y

Then, since m =04- 62:. it falkows fram (s)

alz - o) + bly - ) + 2 - 20) = 0. (s)

-

Figure 19.1: Equation of a plane




Xap KaHJgal TeKUCIHKHUHT TeHrjiamacu +-4-% japra HucOaTraH 4YHM3UKJIWU TECHIJIaMa.
Bbynanan Jlekapt kKoopauHarajiap cuUcCTEeMacuaaH Oolkacura YTuUiraHjaa XamM Yy

YU3UKJIM TEHIJIaMa OYJIUINU Keauo yukaau. bus3 Oy TEeKUCIIUK TeHTJIaMmacuHu Jlekapt
KOOpAWHAaTajlap CUCTEMAaCH1a YU3UKJIN DKAaHJIUTHUHU aTa OJlaMU3.

KenuHr TeKHCIUKHUHT OOIIIKa OMpOp KYPUHHUIIJIATU TEHIJIAMAaCUHU KapaljiuK.
ar+by+cz4+d=0

To, Yo: “0 jjap OepuJiraH TEHIJIaMaHUHI eduMJIapu OYJICHH. Y Xojaa

ary + byy + ¢zg +d =0 reprmuk ypunnu 616 yHu Kyiingaru

alr — xg) + bly — yo) + c(z — z) = 0. (3)

KYPUHHIINIA XaM €3UII MyMKHH.

I'hus., the eqgquatiom of any plane is linear relative to the coordinates .
Y. 2.

Since the formulas for transition from one Cartesian syvstem of coordinates
to another are linear. we may state that the equation of a plane is linear in
any Cartesian systemn of coordinates (but not only in a rectangular one).

Let us now show that any eguation of the form

ar + by + cz+d=0

is the equation of a plane.

Let xo. yo. 2o be a solution of the given equation. 1hen
arg + byo + czo +d=0

and the equation mav be rewritten in the from

a(x — xo) + b(y — yo) + c(z — 20) = 0. (** =)




N BEKTOp €= €y €z Ga3uc BEKTOpJAp acocHia Ty3WaraH @ b, ¢ koopauHaramapra

ora BCKTOD AU' HYKTa Los Hos Z0 KOOpAMHATAJId HYKTa A HYKTa I, iy,z
KOOpJAMHATAJIApTa 3ra HyKTa. Y XO0JJ1a TEHrJIaMaHu (3) KYpUHUIINTA SKBUBAJICHT

Ll_u;}i-nzl].

-

KYPUHUILWHY E3UITMMHA3 MYMKHH.

TeKUCIMKHUHT KOOpAMHATaNap TEKUCIUTUIa HUCOAaTaH »KOMIalyBU

KeauHr TEeKCIMKHUHT KOOpAWHATalap OolIWra HHUCOATaH >KOWJIAIIyBUHW YHUHT
TEHIJIaMacu aHUK OMp KYPUHUIITMHMA OJIMHTaHAAryd X0JaTJIapuHA aHUKJIANIHK.

Let m be a vector with the coordinates a. b. ¢ with respect to the basis

€x, Ey, ;. Ap a point with the coordinates xg. yo. 20 and A a point with the
coordinates r. y. z. Then the equation (*#=) can be written in the equivalent

m-n:().

\Whence it follows that all points of the plane passing through the point Ag
and perpendicular to the vector m (and only thev) satisfy the given equation

form

and. consequently. it i1s the equation of this plane.

Let us note that the coefheients of . y. 2 in the equation of the plane are
the coordinates of the vector perpendicular to the plane relative to the basis
& &y, €y




l.a=0 b6=0 Vector n (perpendicular to the plane) i parallel to the

1, ﬂ=ﬁ|b=ﬂ- Il BCKTOP Z SJ’KI/IFa TapaILIc, Texucmx Y Texucmirmra z-axis. Lhe plane is parallel to the zy-plane. In partieular, it coneides
napannen. Agar d=0 bo’lsa xy tekisligidan idorat bo’lad:. with the =y plane if d s sl zero,
2. b=0, =0 bo’lsa tekslik yz tekisligiga parallel bo'ladt. Agar d=0 bo’lsa yz 2. b=0.c=0. The plane is parallel to the yz-plane and coincides with
- . ) itif d =10
tekisligidan iborat bo’lad. o
3. =0, =0 bo'lsa tekslik xz tekisligiga parallel bo’ladi. Agar d=0 bo’lsa xz B e [1; " 0. The plane is parallel to the z2-plane and coincides with
. " oqe It 1 .
tekisligidan thorat bo’ladi.
4, =0, b0, 0 bo'lsa n vektor x 0'qiga perpendikulyar bo’ladi. d=0 bo’lsa x L a=0,b70, c70 Vector nis perpendicular to the z-axis en =0
. oo Fhe plane is parallel to the T-axis, i partiealar, it passes through it if
0°qidan tborat bo’ladi. d=0
. al), be, ¢£0 bo'lsa y 0’qiga parallel bo’ladi. d=0 bo’lsa y o’qidan iborat 0t 0 b= c 0 Theple is paralel to the yasi and pases
bo’lad:. through it it d =10
— ) ) ) : _ ) ) :
0. a#(), b0, c=0 bo’lsa z 0’qiga parallel bo’ladi. d=0 bo’lsa z o’qidan tborat G040 b0 c=0 Thephue is paralel to the i and passes
bo’lad1, through it if d =01

1. d=0bo’lsa

cd =10 The plane passes through the origin (whose coordinates [0 0, 1)

satisty the equation of the plane).




