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So‘z boshi

Xususiy hosilali differensial tenglamalar fani nazariy va amaliy
ahamiyatga ega. Ushbu fanda, asosan, ikkinchi tartibli xususiy
hosilali differensial tenglamalar va ularga qo‘yilgan masalalar
o‘rganiladi. Ikkinchi tartibli xususiy hosilali differensial tenglamalar
matematik fizika tenglamalari deb ham yuritiladi, chunki bu
tenglamalar fizikaning turli sohalarida uchraydigan jarayonlaming
matematik modellarini tuzishda ishlatiladi. Fanning magsadi
matematik fizikaning klassik tenglamalari deb ataluvchi toMgin,
Laplas hamda issiglik targalish tenglamalarini tekshirish va ularga
go‘yiladigan asosiy masalalami yechishdan iborat. Bu tenglamalami
o‘rganish talabalarda tegishli jarayonlar hagida tasavvurga ega
boMishlariga imkon beradi. Ayni paytda ulami mantiqgiy fikrlashga,
to‘g‘ri xulosalar chigarishga o°‘rgatadi.

Xususiy hosilali differensial tenglamalar hozirgi zamon
matematikasining muhim sohalaridan bo‘lib, u matematikaning bir
necha sohalari, jumladan, matematik analiz, funksiyalar nazariyasi,
integral va differensial tenglamalar nazariyasi, funksional analiz,
fizika, texnika fanlari bilan uzviy bog‘liq. Matematik fizika
tenglamalari so‘ngi yillarda keng rivoj topib kelyapti. Endigi kunda
matematik fizikaning klassik tenglamalaridan tashgari aralash
turdagi  xususiy hosilali differensial tenglamalar ham o ‘rganilib,
fizikaning ko‘pgina masalalarini hal gilish uchun keng tatbiq
gilinmogda.

Matematik fizika tenglamalar fani 2018-2019 o‘quv vyilidan
boshlab xususiy hosilali differensial tenglamalar fani deb yuritila
boshlandi. Xususiy hosilali differensial tenglamalar fanining asosiy
vazifalariga xususiy hosilali tenglamalar hagida umumiy tushuncha
berish, ikkinchi tartibli kvazichizigli tenglamalaming turlarini
aniglab ulami kanonik ko‘rinishga keltirish va matematik fizikaning
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klassik tenglamalari va integral tenglamalarni o‘rganish, har bir
turdagi tenglamalarga korrekt masalalaming qogyilishi va bu
masalalami yechish usullarini o‘rganishdan iborat.

Ushbu goMlanmada Xususiy hosilali differensial
tenglamalaming  yechimlarini  analitik ravishda olish, bu
tenglamalarga go‘yi'gan turli masalalami, integral tenglamalarni
yechish usullariga bag‘ishlangan bo‘lib, bu usullar imkon gadar
keng yoritishga harakat gilingan. Ko‘plab misol va masalalar
javoblar bilan ta’minlangan.

0 ‘quv go‘llanma mualliflaming Buxoro Davlat universitetida
ko‘p yillar davomida matematik fizika tenglamalari va xususiy
hosilali differensial tenglamalar fanlaridan olib borgan amaliy
mashg‘ulotlarida o ‘rganilgan misol va masalalar asosida yozildi.



1-BOB. XUSUSIY HOSILALI DIFFERENSIAL
TENGLAMALAR HAQIDA ASOSIY TUSHUNCHALAR.
BIRINCHI TARTIBLI XUSUSIY HOSILALI DIFFERENSIAL
TENGLAMALAR

Ushbu bobda xususiy hosilali differensial tenglamalar hagida
umumiy ma’lumotlar berilib, birinchi tartibli xususiy hosilali
differensial tenglamalaming umumiy yechimlarini topish, ularga
go‘yilgan Koshi masalasini yechish o‘rganilgan. Mavzuga doir
mustagil yechish uchun misol va masalalar keltirilgan.

1.1. Birinchi tartibli xususiy hosilali differensial tenglamalaming
umumiy yechimini topish

Erkli o‘zgaruvchi, noma’lum funksiya va uning hosilalari
orasidagi funksional bog‘lanishga differensial tenglama deyiladi.

Agar tenglamada noma’lum funksiya ko‘p o‘zgaruvchining
(o‘zgaruvchilar 2 va undan ortiq) funksiyasi bo‘lsa, bunday
tenglama xususiy hosilali differensial tenglama deyiladi.

n oflchovli r* Evklid fazosida nugtaning dekart
koordinatalarini  xxxr,..%n, n*2 orgali belgilaymiz. Tartiblangan
manfiy bolmagan nta butun sonning a=(a,,a2...bn) ketma-ketligi n
- tartibli multiindeks, \d=av+a2+..+a, soniga multiindeks
uzunligi deyiladi. ¢ - r' fazodagi biror soha (ochig, bogMangan
to‘plam) bo‘lsin.  ug)={"x2..~) funksiyaning xeQ nugtadagi
|arj=or, +a2+..+a,, tartibli hosilasini

Nie|
md:'dv-d> =

ko‘rinishda yozamiz. Masalan, a=a, xususiy hoi uchun



F=F(x,. »&=) fimksiya 4 soha x nugtalarining va
4 =01.. hagigiy o°‘zgaruvchilaming berilgan
fiinksiyasi bo‘lsin.

Ta’rif. Ushbu

0 (1)
tenglik noma’lum wn(a:)="x2..~) funksiyaga nisbatan xususiy
hosilali differensial tenglama deyiladi.

(D da gatnashayotgan hosilaning eng yuqori tartibic
tenglamaning tartibi deyiladi.

Agar Fbarcha @, (|«|=0i,..,M) o‘zgaruvchilarga nisbatan
chizigli funksiya bo‘lsa, (l) tenglama chizigli differensial
tenglama deyiladi.

Agar differensial tenglamaning tartibi m bo‘lib, Fbarcha o,
c\=m o°‘zgaruvchilarga nisbatan chizigli funksiya bo‘lsa, (1)
tenglama kvazichizigli differensial tenglama deyiladi.

Ta’rif. 4 sohada aniglangan ,,(jr)funksiya (1) tenglamada
ishtirok etuvchi barcha hosilalari bilan uzluksiz bo‘lib, uni
ayniyatga aylantirsa, ) ga (1) tenglamaning klassik yechimi
deyiladi.

Xususiy hosilali m - tartibli chizigli differensial tenglamani
ushbu

s 1 X (*)Dau=f(x) (2)

ko‘rinishda yozish mumkin, bu vyerda c¢YX) lar tenglama

koeffitsiyentlari,

L=
Y

esa xususiy hosilali m - tartibli differensial operator.

Barcha *eg lar uchun (2) tenglamaning o‘ng tomoni /(*) nolga
teng bo‘lsa, (2) tenglama bir jinsli, /(*> nolga teng bo‘lmasa, bir
jinsli bo‘Imagan tenglama deyiladi.
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Agar ¢) va Mo funksiyalar bir jinsli bo‘lmagan (2)
tenglamaning yechimlari bo‘lsa, ravshanki, (tenglama chizigli
bo‘lgani sababli) *(*) =**)- (X ayirma birjinsli (/ =0) tenglamaning
yechimi boMadi.

Agarda u(x), flinksiyalar bir jinsli (/ =0) tenglamaning

yechimlari bo‘lsa, m(jc)=;§c>,(x) funksiya ham, bu yerda G -hagqigiy

o0‘zgarmaslar, shu tenglamaning yechimi bo‘ladi.

Eslatib o‘tamiz, q sohada aniglangan va k- tartibgacha xususiy
hosilalari bilan uzluksiz bo‘lgan hagigiy W) funksiyalar sinfi C*(0
orgali belgilanadi, c(g)- o sohada uzluksiz funksiyalar sinfi.
g(;DeCH<2) funksiyaning normasi

N =E P®EM«H

kabi aniglanadi.

Ushbu

XN e £)=0 Q)
ko'rinishdagi ifoda birinchi tartibli xususiy hosilali tenglama
deyiladi.

Agar (1) da F funksiya xususiy hosilalarga chizigli bo‘liq
bo‘lsa, u holda

X\ G229 - —
OXj

n

ko'rinishdagi tenglama kvazichizigli tenglama deyiladi.

2 tenglama bir jinli bo‘lmagan tenglama bo‘lib, uning
simmetrik formasini quyidagicha
d=ck2= _dxn_du /3)
Xx X2 ~ R

yozish mumkin. Ushbu sistema xarakteristik tenglamalar sistemasi
ham deyiladi. Bu sistemaning n ta erkli integralini



o X,,u)=CI"

B

(4)
o = ;@

topamiz. U holda (2) ning umumiy yechimi

ko'rinishda bo'ladi.
Bir jinsli chizigli birinchi tartibli xususiy hosilali differensial
tenglama quyidagi umumiy ko‘rinishga ega:
X, (xI3x2 N~ .+ XN(*,*2 )N-=0 (6)
dxl dx,,
Shuni aytish lozimki, wu=const har doim (6) tenglamaning
yechimi. Biz trivial bo'Imagan yechimni gidiramiz.

(6) ga mos oddiy differensial tenglamalar sistemasining
simmetrik formasi ushbu
dx, dxg dx, (7)
X 1(x]ix2i...,xn) X 2(XxX2,...,Xxn) X, (XXX 2.....xn)

ko‘rinishda bo“ladi.

(7) sistemaga (6) tenglamaga mos boMgan, oddiy differensial
tenglamalar sistemasi yoki xarakteristik tenglamalar sistemasi
deyiladi. Ushbu sistemaning yechimlari esa (6) tenglamaning
xarakteristikalari deyiladi.

Eslatma. Ba’zan 1-tartibli xususiy hosilali differensial
tenglamaning umumiy yechimini topishda xarakteristik tenglamalar
sistemasi integrallarini topish jarayonida

ay db dn
P B  KCh )
munosabatning o ‘rinli ekanligidan
aidxi +a2dx2+~-+amixh ~
ax}+ab+-+ahMm (9)
tenglikning bajarilishidan ham foydalanish mumkin. Bunda
&- a XMy =1e*¥t meN biror bir funksiyalar.
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Misol. Quyidagi tenglamaning umumiy yechimini toping:
W du/2 iNdu »
+/h =0-

Yechish:  Berilgan tenglamaning xarakteristik  tenglamalar

sistemasini tuzamiz:
de_dy _ dz
Xz yz -{x1+y2)

Sistemaning birinchi integrallarini topamiz.

27 ya Xy 2 IMWEMEc)
:>C, :7 = y/, = X
dy _ dz _ xdx +ydy +zdz
¥e~Oe+/)" 0 A

dx2+ /+z22=0 = x2+/+2z2=C2
=>y/2 =(X2+y2+22)

bu yerda (8) tenglikdan foydalandik, ya’ni

dy _ _ xdx+ydy+zdz
yz ~(Xr+y2) xmz+ywz+ze (X2+yrny
xdx+ydy+ zdz _ xdx+ydy+ zdz
XXT+Yyyr +r(-(x* +Y)) 0

U holda umumiy yechim

= <IN—x2+y2+22

ko‘rinishda boMadi.
Tekshirish:

r dif/x dx dy/7 ax X2 3" 2
Mmoo AP auix 4Py 1 20 PN
Ax Ayly ay pylropy X pu/x ayr
Mm_ A% pu/x 4o .U.LL/f:O_A‘D’ZZ*q
oz di/lt dz pylr dz ay/x ayr
Topilgan ifodalami tenglamaga go‘yib, uning ayniyatga aylanishiga

ishonch hosil gilish mumkin.



Misol. Quyidagi tenglamaning umumiy yechimini toping:
dz /

dx dy

Yechish:  Berilgan tenglamaning xarakteristik tenglamalar
sistemasini tuzamiz:
dx _ & _ efe
vy je-z R
Sistemaning birinchi integrallarini topamiz:

— = = =

=> 1|'|H: Inl;rp In||C,H

Xy ~ yz X~z
N C = IX—_,
x
4y dx dy dx

=>N-=(: 2C)x+Cr=>Cr="-"1-20 N [1="- x+22
Natijada umumiy yechim quyidagicha aniglanadi:

o(*'~I-x+2r)=0"
Mustaqil bajarish uchun misollar
Tenglamalaming umumiy yechimini toping.

du du
Loydu  du_y
y ox dy
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17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

(x2+y2)j- +1*y"r-+27=0.
dx dy

2y _c_i_z____xygz = x\lz 2+ 1I

dx dy

wdz 1 dz
X-Z— +yz— =y+X.
X d

¢ 4 dz+ dz
Z-yr— +Xz~=Xy.
y dx dy y

>FiZ + 2 =
X 0 (x- z)d—y =yz.
L i dz dz i
Sin JCG--+tgz———COS 2.
dx dy
(><+Z)d—z+(y+2)d—Z =x+y.
dx dy
(*z+y)M+(x+yz)N =1-z2
dx dy

O+ 50+ (x+y
dx dy dz



am .an

gy ApA L
27. X-Ex"'y,qyr ZHUy, =Xy-
(W) 2+ oy & &
ax d

ay

=x+y,

28.

1.2. Koshi masalalariniyechish

Birinchi tartibli xususiy hosilali differensial tenglama uchun

Koshi masalasi quyidagicha qo'yiladi. (2) tenglamaning yechimlari
ichidan shunday

"=/(*1.
yechimni topingki, ux,, da
u=<f{xbx7,...s,,_I) 9)

funksiyaga teng bo'lsin, bunda ¢ - berilgan funksiya.

Koshi masalasini yechish ushbu tartibda amalga oshiriladi:

1 Tenglamaning simmetrik (3) formasini tuzib, (4) n ta
integral topiladi.

2. (4) dagi x o‘miga ni go‘yamiz:

y I{xl,xi,..txe It¥u,u)=ij/2

P
va sistema x{X2,..rkn Itu ga nishatan yechiladi.

N=<{ry2...¥)
3.Ushbu funksiyalardan
«KWWi.... (10)
munosabatni tuzamiz. (10) ga Koshi masalasining oshkormas
ko'rinishdagi yechimi deyiladi. Agar (10) ni u funksiyaga nisbatan
yechsak, oshkor ko'rinishida Koshi masalasining yechimini olamiz.
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Masala. Ushbu (I+7-*->>}|7+~=2 tenglamaning >=oda z- 2x

shartni ganoatlantiruvchi yechimini toping.

Yechish: Berilgan tenglamaning simmetrik formasi

dx dy dz

H+<Jz-xy 1 2

ko‘rinishdan iborat. Bu sistemani yechib,
=z-2, - 2<Jz-x-y+y lami hosil gilamiz,

bunda ~=oni qo‘yib,

z=ylx

2y}z-x =yl2

larga ega bo‘lamiz. Bu sistemadan x va z ni topamiz:

z =yl
(10) formulaga ko'ra

M- 2Vi - —j=g 2, -A2=0,

bunda w va ko'rinishidan foydalansak,

2z-Ay-{I"z-x-y +yf =0
Koshi masalasining yechimini hosil gilamiz.

Masala. Quyidagi tenglamaning

an dudu
(*y—z)—a(+)’—dy+z’éz:°

uj™ =y2+z2 shartni ganoatlantiruvchi yechimini toping.

Yechish:  Berilgan  tenglamaning simmetrik  formasi

&k d & dui nj yozib olib, uni yechish natijasida
4y-z 'y z O

yix=-. Vi =x-4y+z, Ur=u ifodalarga ega bo'lamiz.
Bu yerda x=0 deb,
-y=Vi, -4y+~ =il y2+z2=y,

tengliklami hosil gilamiz hamda ulardan y va zlarni topamiz.
13



(10) formulaga Ko‘ra
dx -

bunda  y2va Welaming ko'rinishidan foydalansak,

Koshi masalasining yechimi bo'ladi.
Masala. Quyidagi tenglamaning
dz+ @__
ng( yZW— Xy
y=x2, z = jf2shartni ganoatlantiruvchi yechimini toping.

Yechish: Berilgan tenglamaning simmetrik formasidan iborat
dx _dy _ dz
Xz yz Xy

sistemani yechib,
=y Vi=z2+xy lami hosil gilamiz.

Bunda berilgan shartlardan foydalanib,

X = --mm

tengliklami va quyidagi funksional bog‘lanishni olamiz:
Bu yerda A va y2 laming ko'rinishidan foydalansak,

Koshi masalasining yechimini topamiz.
Mustaqil bajarish uchun masalalar
Quyidagi Koshi masalalarini yeching:
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r an an oam o .
5- xz&+™ P a =0""1-=%e

6. jfc—y)&;(+j'0'—*)]1’))+0‘2—xr)3§ “e>ML =5-

an an .
7-x&+" =0" " "="-

g *&- yk‘z'yzo» r=2x"=1

2 +H&x-jK)* =0z ="jc=0.
9 it (&) ?cy 0 )
y[x2--y"-=Q z=y\ %x=1-
10 a o
'D'—M+'D'—M’+éll:0, u-yz, x=1
11 ax gy dz 9
7 au m g _«f —
, R T ey
/"oy Eow 3=, =y
13 n
14 j@X" 2>’§y =j|'2+/\2, *Bl>*=
dz dz
| =z-Xx X =2, = +1.
15 x'dX*FyE ' i i
(Z_ —_ —_ .l
" <&E(+yd—|)—/_2’ Y=x>-=
~ -y N =7Ax - A =\, A+1 =0.
17 dey dy M Xx- 3y X +
\]G%+yizzz-x2-y2, y=-2,
18. * N
Mg+, rg="5" *=a’ [+?7=<7m
19. e @—
ZdZ yz'—ZY> X+y= 2 yz=1
20 x7W |
zN +(z2- N~ +x=0, F=x\ z=2x.
21. & v
(Y~9)"-+(2-X)"-=X-y, Z=y =~X.
22. o v
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23

24

25

26.

27

28.

29.

dz dz
XdeHxz )y =2>**y-i% *-i-

28 &
y a+
& &

I n

+z _0>*-,=0" x"n =L

X&+ran_iy’ #=2jt>1+2>'=1]-
(y+er * | * * r
&

®

: dz ., , A0z
(x- z)ar-)izbd%—:?z,

VI A2y

dz

dz

*hkg

X=_13
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2-BOB. IKKINCHI TARTIBLI XUSUSIY HOSILALI

DIFFERENSIAL TENGLAMALAR HAQIDA ASOSIY

TUSHUNCHALAR IKKINCHI TARTIBLI XUSUSIY

HOSILALI DIFFERENSIAL TENGLAMALARNING

KLASSIFIKATSIYASI. KANONIK KO*RINISHGA

KELTIRISH

Ushbu bobda ikkinchi tartibli xususiy hosilali differensial
tenglamalar hagida umumiy ma’lumotlar berilgan boMib, ikkinchi
tartibli xususiy hosilali differensial tenglamalaming
klassifikatsiyasi, ko‘p erkli o‘zgaruvchili funksiyalar, n=2 va n>2
bo‘lgan hollar uchun ikkinchi tartibli xususiy hosilali differensial
tenglamalami kanonik ko‘rinishga keltirish bayon etilgan. Mavzuga
doir mustagil yechish uchun misol va masalalar keltirilgan.

2/1. Ikkinchi tartibli xususiy hosilali differensial tenglamalami
turi saglanadigan sohada kanonik ko ‘rinishga keltirish

Ta’rif. x,y erkli o‘zgaruvchilaming u(x.y) noma’lum funksiyasi
va funksiyaning ikkinchi tartibigacha xususiy hosilalari orasidagi
bogManishga, ikkinchi tartibli  xususiy hosilali differensial
tenglamalar deyiladi.

Ta’rif. r2 fazoda ikkinchi tartibgacha xususiy hosilalari
mavijud gandaydir u(x.y) funksiya berilgan bo‘Isin (1,,=m>). U holda

y, UL UytUN My, u>) = 0 (2
tenglama umumiy holda berilgan ikkinchi tartibli xususiy hosilali
differensial tenglama deyiladi, bu yerda F - berilgan biror-bir
funksiya.

Xuddi shunga o‘xshash ko‘p erkli o‘zgaruvchilLikkinchi
tartibli xususiy hosilali differensial tenglama quyid”~gfjco-rinishda
ifodalanadi:
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JU,UN UXL.. UL uVj,..)=0.

Ta’rif. Agarda ikkinchi tartibli ikki o‘zgaruvchili xususiy
hosilali differensial tenglama yugqori tartibli hosilalarga nisbatan
ushbu ko‘rinishga

nr+aryyunr+rymunnr0O 3)
ega bo‘lsa, unda ushbu tenglamaga yugori tartibli hosilalarga
nisbatan chizigli deyiladi.

Ta’rif. Quyidagi ko‘rinishdagi tenglamalarga ikkinchi tartibli
ikki o‘zgaruvchili kvazichizigli xususiy hosilali differensial
tenglamalar deyiladi:

an(x,y mx,uy) na +2n 120x,y,un,ux,vy Yuxy+ar{x,y,mumx,my Yny-+p{x,y,n,mx,uy)=0 .
(4)

Ta’'rif. Agarda ikkinchi tartibli ikki o‘zgaruvchili xususiy
hosilali differensial tenglama barcha xususiy hosilalariga va
noma’lum funksiyaning o‘ziga nisbatan ham chizigli bo‘lsa, ya’ni
quyidagi ko‘rinishga
a1 ™ A LYy M {AY)Ab XX,y ) nxAbr{x,y)nyc{x,y¥Y n+/1{x,y)".

()
ega bo‘lsa, unda ushbu tenglamaga chizigli tenglama deyiladi.

(5) tenglamada *,,(*,), AN fSA TN c(*.y)larga (5)
tenglamaning koeffitsiyentlari, f(x.y) ga (5) tenglamaning ozod hadi
deyiladi va ular oldindan berilgan deb hisoblanadi.

Ta’rif. Agar (5) tenglamada /{x.y)Bo bo‘lsa, u holda bu
tenglama bir jinsli tenglama deyiladi. Aks holda, ya’nif(x,y)*o
bo‘lsa, (5) tenglama bir jinsli boimagan differensial tenglama
deyiladi.

3) (yoki (5)) tenglamada o°‘zgaruvchilami ixtiyoriy (o‘zaro bir
giymatli) almashtiramiz. Bu uchun biz xva y erkli o‘zgaruvchilami
teskari almashtirish natijasida, ya’ni
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{ mvi{x.y)f - v(*y) (s)
berilgan chizigli tenglamaga ekvivalent bo‘lgan va soddaroq
ko‘rinishga ega bo‘lgan tenglamaga ega boMishimiz mumkin.

Buning uchun (3) tenglamada x va ¥ erkli o‘zgaruvchilardan
yangi £ va J1 o‘zgaruvchilarga o‘tamiz:

nx =un( ™ +unnMx,

ULy i _
«= =««E +2Uf na+UHn\ + +unja, (7
wy o= +ftfer*7,, + PR+ Unillajy + « JT +/1 *
Wy="«# + +url by

@) ifodalami (3) tenglamaga keltirib qo‘yib, 4 va n
o‘zgaruvchilarga nisbatan (3) tenglamaga ekvivalent bo‘lgan
quyidagi tenglamani olamiz:
U\&n)'«B+" AETYNO +an (EnYndLHp(£n,1,19,n9)=0, (8)
bu yerda
a» =aug +2aud4Jy+aunfy,
on =audtrjt +ax{zxy +q jy)+ aufyny,
02—Orkw Ky W)
Ta’rif.
audyt-2axdxdyrandx' =0 9)
oddiy differensial tenglama, (3) tenglamaning xarakteristik
tenglamasi deyiladi.
Ta’rif. (9) tenglamaning integral chiziglari esa (3)
tenglamaning xarakteristikalari deyiladi.
(9) tenglama quyidagi ikkita tenglamaga ajraladi:

dy _ \l +yjaiz~a\'a2 /1Q

dx~ a,, y }
dy a.i-Vaa-fl.t-aa J1)
dx au

(9) yoki (10) va (11) oddiy differensial tenglama yordamida
berilgan (3)-tenglamaning xarakteristikalari topiladi.
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Ta’rif. Agar gandaydir D sohada az-au ar2>0 boMsa, (3)
tenglama giperbolik turga qarashli, agar D sohada
boMsa, (3) tenglama elliptik turga qarashli, agar D sohada
aR~au a2=° bo‘lsa, (3) tenglama parabolik turga garashli deyiladi.
Shunday qilib, o*-Ouy-¢ ifodaning ishorasiga garab (3)
tenglama quyidagi kanonik ko‘rinishlarga keltirilishi mumkin ekan:
<*uau au >0  (giperbolik tur),  mny=d(xynmuxny)  yoki

ah<*u-an <0 (elliptik tur), vxHayy=d(x,y,uuxny).

a- fliraz=° (paraboliktur) m,,=® (gani”).

Bu yerda ®(xy,umxny) soddalashtirish natijasida hosil bo‘lgan
funksiya.

Misol. Quyidagi tenglamani kanonik ko‘rinishga keltiraylik:

Uo Uy~ y+Uy =°-

Yechish: ou=-i, «,«i, ca=-3 - tenglama koeffitsiyentlari.

A=af2-aMra2 ifodaning qiymatini hisoblaymiz. p=4>o0, demak

tenglama giperbolik turga tegishli. (9) xarakteristik tenglamani

tuzib, uni yechamiz:
dy -1+2 dy

 =-lpinE =-3"3x+y-C.

Umumiy integrallardan birini  f va ikkinchisini u bilan
belgilab, (7) formulalardan foydalanib hisoblashlaming natijalarini
berilgan tenglamaga keltirib go‘yib, soddalashtirishlardan so‘ng

tenglamaning quyidagi kanonik ko‘rinishini  hosil gilamiz:

Misol. Quyidagi tenglamani kanonik ko‘rinishga keltiraylik:
Yrmxx+ 2ynxy+ uyy = 0.
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Yechish: a2=y, pg|=y2 Ou=1 - tenglama koeffitsiyentlari.
A-=of2-a,,a2 ifodaning qgiymatini hisoblaymiz. pa=o, demak
tenglama parabolik turga tegishli. (9) xarakteristik tenglamani tuzib,
uni yechamiz:

ax vy dx vy 2

Natijada olingan integralni ~ orgali, t orgali esa ixtiyoriy
funksiyani, masalan, rj=y deb belgilab, (7) formulalardan foydalanib
hisoblashlaming natijalarini berilgan tenglamaga keltirib go‘yib,
soddalashtirishlardan so‘ng tenglamaning quyidagi kanonik
ko‘rinishini hosil gilamiz: w=V

Misol. Quyidagi tenglamani kanonik ko‘rinishga keltiraylik:

(I+xux+(I+yJu)y +yuy =0.

Yechish: a.=o, a,,=l+x2, a2=\+y2 — tenglama
koeffitsiyentlari. [A=a2-an-n2 ifodaning qiymatini hisoblaymiz.
A=-(I+x2(1+/), demak tenglama elliptik turga tegishli. (9)
xarakteristik tenglamani tuzib, uni yechamiz:

dy _ox/#"~NX i+ 1) Juy ~
dx 1+x2 dx VI+J3f2

Wy+gl+y2)+ /In(t+an+x2)= ¢
Umumiy nazariyaga asosan, olingan integralning haqgiqiy
gismini ~ (f =Re(in(y + Vi +y 2)qy/ in(x + Vi +*T))= In(v+ V1+y 2)) orgali, mavhum
gismini  esa  rn=imin(y+ + / )t/in(r+Vi+*7)=in*+M +*7))  orqali
belgilab, (7) formulalardan foydalanib hisoblashlaming natijalarini
berilgan tenglamaga keltirib qo‘yib, soddalashtirishlardan so ng
tenglamaning quyidagi kanonik ko‘rinishini  hosil gilamiz:

Mustagil bajarish uchun misollar
Quyidagi tenglamalaming turini aniglang:

1. (,+)2* + -=0, kX3, 0<,<1
dx drdy dy dy
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9. AX *'D'Z/'+2*+ ﬂ:ax'w N~6) <L
Yy T T (*~6)

n _ aym 20m 20m m m ., .
3-"ar4F "M -% +yp 0N W<L

SN

n2 e
. (F+yb -7 +(*-.-H)T-T +*m=0, (je+5)2+ / <1.
( &bdx ( )gyT m=0, (je+5)

IN 1'§dAJV‘f 2 Ax +, An Mo M 1<nrea,

a1 >

0<,<1.

(o]

AR -2ty )R +0-3DY)r =0, 2<n +y<5.

qa 242* am S m m n, | ,
-X IF+N 1 +ir* =0-<c +' <7-

co =~

\_| N Ay AN —
.derj+6:_»(+(jr+.y) y e 0,0<n<2,  0<y<2

1n ~mMm M oM 2 Hgawm 3w 2 2,

,0- AN AN - (- Vo 28 =0J1 +y<l-

11. EXN-AXN-42y~ +72--n=0,\<x<3, 4<y<«.
axay

Quyidagi tenglamalami kanonik ko‘rinishga keltiring:

12. UK 6mxy+1¢ . +HUX“ 30 =0 .

13. Ux+Uy+WN, -~0*

14.

15.

16. % :H -

17. Mida ~ XUy ~ 0 -

18. Xovxr+ /bl >y=0.

19. Im,, +x2y=0.

20 . AXxr-~"yy=o.

21, (IH+V*+(1+ /K +>7=0-
22. \% ;n:._c‘l;xge -
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23.
24.
25.

26.
27.

28.

0.
51,
8.
%,
3.
k.
38.
3.
3.
%9,

46,
a1,

“,,-2sinAr«w+(2-c0s>j:)(B =0.
y \a +2yuv +u)y =0.

xlua -xudyruy=0.

2N -2 -N 4N =0,

oy dy
- A\ N=

& “dw Cdy

n EN N =

|7|I=10 cme+25 b 0.

—r+e2 SZ}[L

X Ay ,qy

ery'q— +2ZXe )’(’-B?-/-I+Xl21&%:&
A2 My Ay
aMm Mo 5 E,qazlm
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W 5M
ay' —r +ey smjr ----- 1 rstii? x2
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WM oy AN A4y TEM G
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Jiv] X 32\4_*%_ .
Co1T+(e )/)Idiw « ﬁyfﬁ

x B g +ng)ﬂ2’] +ngm/I =0.

,h'l'w+(2xz Y5y, Rl o

200 AN 1 costy ZH=
A+ 2c08 e ypyr 0
Sin' y'-qé +¢§Lﬁyj?:e'
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42. AS»+2*L+* ~ N2 -0,

& By Ay~ e
73 oS x&-ﬂ-sln yp'zﬁ 3-8,
Ax2 Ay2 ny

2. tg Xg)! 2ytgx + [z'qu ‘W =0.

et wrgy dy 71\

46. XN HAT- N 45 A LN 41 A 20,
o oy oy &XoXay

% J'rZCfA M+c’\ ﬁl’ﬁf " conEl,; =0-
41]9. (;Iks—_-+c(g y r smjc'qx+2cosy.qy

U e +2A—+0 A%”f:‘;.
B, PEYIM Dy BV 4y A Py
52%  XAUX+ XL+ A- +(R42NT =0

3. %25 (hyyax L4+ Y =),
ac o> Ay

n 0
a2
55. A 2n 2 a2m  ~ap2m ~a.

~Er- AXAY Ay2

57 sz 4 A

ar AXAY Ay2 A X

58 Ao 2. g 0 M

dr cfecdy AV ax

59 - | a2y a2y EM e
axL o oaxay Ayl oaxoopy
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60.
61.
62.
63.

64.

68.
69.

70.
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72.

73.

78.

7.

AT Y A AR R A I
Xy Ly Xoay

ON-B-N-+N + 3NN =(,
KR By XY

AN_* N4 3N 4NN (.

§ +6 N +9/N +~M+3N =0,

dr

2f?-2|H -+5 f ~ 0.
o Ry

fro3 =
oy X oLy
EI{I‘F 4 ——pl—a—/—l + 4ﬂ£2r/l+ ﬂl/I+ Q-E/I =0
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0 . .
% 6—V>|/-2‘cosxﬂm— sin2xd® Y=o
ar axgy ay"

97. sif x B2 _|ysrnx-A% +y2£”-":0.
a*2 a*ay ay2

85 Mx— Fethx—  +y-2% +oyM =8,
a* a*ny a> ay
89, A v 3y mMgaTwon
N + N\ =
100. o LT 0.

al ai a« N
—_— 0.

L -ty—r+or— = a - const
ax' ay’ ay

1 am a>» n

@ A

10Q &n <m N

03- ~ 4V =0-

2.2. Ko*p erkli o zgaruvchilifunksiyalar (n>2) bo‘lgan hoi uchun
ikkinchi tartibli xususiy hosilali differensial tenglamalarni
kanonik ko ‘rinishga keltirish

Ko‘p erkli o‘zgaruvchili ikkinchi tartibli xususiy hosilali
differensial tenglama ganday kanonik ko‘rinishga keltiriladi? Shu
masalani garab chigaylik. Ko‘p o°‘zgaruvchili chizigli ikkinchi
tartibli  xususiy hosilali differensial tenglama umumiy holda
quyidagicha berilgan bo‘Isin:

o (12)

ij.i oxfixj 0X,

bu yerda 4y B,.C - tenglamaning koeffitsiyentlari, / - ozod hadi.
Ushbu tenglamaga mos keluvchi xarakteristik tenglama:

«V -J1> 5)f<*>V,.
u_

kvadratik formaga ega bo4adi.
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Chizigli algebra kursidan ma’lumki, har bir tayiruc nugtada q

kvadratik formani uncha giyin bo‘lmagan affin almashtirishlari
yordamida kanonik ko‘rinishga keltirish mumkin:

(13)

Bu yerda a;lar 1, -1, 0 giymatlarni gabul giladi. (13) dagi manfiy
va nol koeffitsiyentlar ¢ ni kanonik ko‘rinishga keltirish usuliga
bog‘lig emas. Shunga asosan (12) tenglama klassifikatsiyalanadi.

Ta’rif. Agar har bir xeD nuqtada (13) dagi a,koeffitsiyentlar
mos ravishda: hammasi noldan fargli va bir xil ishorali; hammasi
noldan fargli va har xil ishorali; va nihoyat hech boMmaganda bittasi
(hammasi emas) nol boMsa, (12) chizigli tenglama D sohada mos
ravishda elliptik, giperbolik yoki parabolik deyiladi.

Ko‘p erkli o‘zgaruvchili ikkinchi tartibli xususiy hosilali
differensial tenglamalardan bittasini kanonik ko‘rinishga keltirish
usulini garab chigaylik.

Misol. Quyidagi tenglama berilgan bo‘lsin:
WoH2W*y+2uy+4u=+5u==0 m
Uning turini aniqlaymiz va kanonik ko‘rinishga keltiramiz.
Yechish: Ushbu tenglamaga mos xarakteristik kvadratik forma
Q=%+2AX+2%+ 4 N +5% ko‘rinishda bo‘ladi. Bu kvadratik formani,
masalan, Lagranj usulidan foydalanib kanonik ko‘rinishga
keltiramiz: 6=(1+/1)2+(N1+21)2+"- Quyidagi belgilashlar kiritamiz:
H=1+1; I +24,; (14)
va natijada Q formani kanonik ko‘rinishga keltiramiz: Q=t4 +&+/4 -
N -1 2>
(14) tengliklardan s lami topib olamiz. Shunday gilib, m= 0 | -2
[o o Ij
matrisali quyidagi xosmas affin almashtirishlari:
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Aj=/r-214 , ~=/Mar g formani kanonik ko‘rinishga keltiradi:
Q=ri+/4+ri-
Berilgan  differensial  tenglamani  kanonik  ko‘rinishga

keltiradigan xosmas affin almashtirishining matrisasi M matrisaga

f1 0 o
simmetrik bo‘lgan matrisa bo4adi: M'=-1 | o, bu almashtirish
2 -2 i

quyidagi ko‘rinishga ega: z=x; j=-x+y; ¢ =2x-2y +z.

Shulardan va Uxy,2) =v(f,r?,c) belgilashdan foydalanib,
quyidagilami topamiz:

WX—V« +vm+4\K"“ 207+ 4y —4yh

W=V« - 47 ;. M=V,

Uy ~—\n~4dvx+Vh~2 + ; Wr-=-2v« +VX-

Topilgan ifodalami tenglamaga go‘yib, soddalashtirishlar

bajarilgandan so‘ng, berilgan tenglamaning kanonik koVinishiga
ega bodlamiz: v(+vmn+vK =0.

Mustaqil bajarish uchun misollar
Quyidagi tenglamalami kanonik ko‘rinishga keltiring:
104. W+ 2i/,0-2wc +2ww+6M3 =0.
105. A ri-Mury-"ury+uy +uz =0.
106.  Wy-UesHux+Hy - U =°-
107. UXX+2Uxy-2 Uxz+2uyy+2u z =0.
108. uxx+2uxy-2uxs-6u)Gu==0.
109. MB +2uxy+ 2u)y+ bifl+2m_+3ua=0.
110. uD-waftwl=2i/a +2z/e =0.
111. =0.
112. K,,+2ilv - 2uw- dwr+ 2" +uc =0.
113, wx+bixz- 2ul,+uyy+2ns+ 2N + 208 +24,,=0.
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114.

115.

116.

117.
118.

" +2Y%* - BX*..

bIT

B2

E YU ,+21 Un =o
w2 <

i%( * +§<2(«.:°

I1X.. =°-
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3-BOB. XUSUSIY HOSILALI DIFFERENSIAL
TENGLAMALARNING UMUMIY YECHIMINI TOPISH

Ushbu bobda ikkinchi tartibli xususiy hosilali differensial
tenglamalaming umumiy yechimini topish o‘rganilgan. Mavzuga
doir mustagil yechish uchun misol va masalalar keltirilgan.

3.1. 0 ‘zgarmas koeffitsiyentli xususiy hosilali differensial

tenglamalaming umumiy yechimini topish

Oddiy differensial tenglamalar kursidan ma’lumki, » - tartibli

F(x.y,?,..yn)=0
tenglamaning yechimi n ta ixtiyoriy o‘zgarmasga bogMiqdir, ya’ni
y= < p (x,Bu O0°‘zgarmaslami aniglash uchun noma’lum
funksiya y{x) qo‘shimcha shartlami ganoatlantirishi kerak.

Xususiy hosilali differensial tenglamalar uchun bu masala
murakkabroqdir. Bu tenglamalaming  yechimi ixtiyoriy
0°‘zgarmaslarga emas, balki ixtiyoriy funksiyalarga bogMiq bo‘lib,
bu funksiyalar soni tenglamalar tartibiga teng boMadi va ixtiyoriy
funksiyalar argumentlarining soni yechim argumentlari sonidan bitta
kam boMadi.

Misol. Quyidagi tenglamaning u(Xy)umumiy yechimini toping:

Yechish: Dastlab x bo‘yicha, so‘ngra y bo‘yicha
integrallaymiz, natijada u(o=/,(*)+Aooyechimni olamiz. Ko‘rib
turganingizdek, xususiy hosilali differensial tenglamaning
yechimida tenglama tartibiga teng migdorda, ya’ni ikkita
funksiya gatnashayapti, bu funksiyalar argumenti esa yechim
argumentlari sonidan bitta kam.
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Misol. Quyidagi tenglamaning ham «*.>0umumiy yechimini
topaylik:

Yechish: Yuqoridagidek mulohaza yuritsak, umumiy yechim:
n&Y) =fi(x)y+f2(x)+f2y).
Misol. Quyidagi tenglamaning ham Uxy,i) umumiy yechimini
topaylik:

Yechish: Yugoridagidek mulohaza yuritsak, umumiy yechim:
iKx,y,2)=x-yfl(x,y)+xf2Ax,z)+f3y,z)

ifodaga teng bo‘ladi.

Oxirgi misolda, ko‘rib turganingizdek yechimda tenglama
tartibiga mos wuchta funksiya qatnashayapti, yechim uch
o°‘zgaruvchili bo‘lgani uchun ixtiyoriy funksiyalar argumenti ikki
o°‘zgaruvchilidir.

Mustaqil bajarish uchun misollar
Quyida berilgan tenglamalaming umumiy yechimini toping:
1. uxx-a luyy=0.
2. uxs—2uxy—3uyy=0.
3. wy+aux=0.

~

. 2uxXX-5n xy—22uyy+bur +uy -2 .
ur+aux+bit+abu”o.

. Uxy-2ux-3uy +6u = 2exy.

Noo o

W+ 2amX), + army + ux+any =0.
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3.2. Xususiy hosilali differensial tenglamalaming turi
saglanadigan sohada umumiy yechimini topish
Ta’rif. Xususiy hosilali differensial tenglamaning umumiy
yechimi deb, shu tenglamani ganoatlantiradigan funksiyaga
aytiladi.
Misol. Quyidagi tenglamaning turi saglanadigan sohani topib,
umumiy yechimini aniglang: xaa-y \ =o0.
Yechish: on=x2au =0,a2=-y2 - tenglama Kkoeffitsiyentlari.
A=af2-auaz ifodaning giymatini hisoblaymiz. A=(xy)2 Va y *o
bo‘lganda, tenglamamiz giperbolik ekan. Yangi £ va f{j

o‘zgaruvchilarga o‘tamiz =xy, 7= almashtirish yordamida

berilgan tenglamani kanonik ko'rinishga Kkeltiramiz.  Qiyin
bo‘Imagan hisoblashlami bajarib, tenglamaning kanonik ko‘rinishini
topamiz:

ufn— —un=10.

Endi bu tenglamaning umumiy yechimini topamiz. m=v
almashtirish bajarib tenglamani yechamiz, natijada
Inv=—In£ - Inf{fl)

v=yfti(n)  =>u=j€An)+g(€)
w. =>/7/07)

yechimni olamiz. Dastlabki o‘zgaruvchilarga gaytsak, biz izlayotgan
umumiy yechim

ko‘rinishda boMadi.
Mustaqil bajarish uchun misollar
Quyidagi tenglamalaming umumiy yechimini toping.
8. yir+ix-yr-x"0.



9. X\ +2xyuxy-3y M)y-2xux=0.

10.
11.
12.
13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

X+ 2xyme+y M)y = 0.
XyLy-XLLL+v=0.
uiy+2jcyu).-2xu=Q.

M. +nx+yny + (x-\)u=0.
UXy+xux+2yuy +Zxyu=0.

o &n
a¥+ar

No-2— +N =0
Aoy oy

A O B g g
oy X ny

ﬂ%?esﬂ +883, M oM_g
oy oy Aoy

3N +2-811-73 +*=p.
&> oy Xy

N 6 EM+an+3a-_al=0
OBy &Y Ay

478N 43N 42NN =,
&M Xy 4y &y

N +6 9MN+93/M .31 +3a<=0.
ooy Yy Xy

@2’7_.;6_5@4 +ﬂ+ﬂ+ﬂ:(’j
X oy oy XLy

—+47-j+3— 2—=0.
Xy ot Xy

BIF\W +5§Q>/<\Ay- ZEyW f% ZHy‘)/ 0

N 42-EN 3N42M 46N =0,
ol ooxgy T oy oy

P2 B\ pY o M
Xy Ay mxoay
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2XxAN-A+5A=g
M~ Axmy  AX

N - ey V.
'%'5+25in'tTu'T— °°s X,q_r+,q_ + (sinx + cos* + Ib'q—m =0.
alr axay ar - X 4y

—r-+szi'njrﬂ2/'—cossza€'+cost =,
AX2 axny Ay ay
y Z{an 3+ cos%<)a2( cosx 2y =0
Ay Qsmxﬂ (3+ coszxﬁl'q—-+ X — +(2-sin*-cosx)
ar acdy ayd X
AN

ax

3 a&_ 16xy-—-a\—n+ 16 iiz-(+ 15X 'CM_ 6~
2 U Exay ay2

az nady, Xann 2am yz-x2a« 3.n
X2y y2py2 xpxoo y3 my

a -2* 34 1 I',ql/l__le\l_
axpy ay:r xz2+ylax on g

-3ny£\1—+ '2y-2'q—2/' +-3y2/ =0.
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4-BOB. IKKINCHI TARTIBLI GIPERBOLIK TURDAGI
DIFFERENSIAL TENGLAMALARGA QO‘YILGAN
KOSHI MASALASI

Biror fizik jarayonni to‘la o‘rganish uchun, bu jarayonni
tasvirlayotgan tenglamalardan tashqari, uning boshlangMch holatini
(boshlang‘ich shartlami) va jarayon sodir boMadigan sohaning
chegarasidagi holatini (chegaraviy shartlami) berish zarurdir. Ushbu
bobda ikkinchi tartibli xususiy hosilali differensial tenglamalarga
go‘yilgan Koshi va Gursa masalasini yechish o‘rganilgan. Mavzuga
doir mustaqil yechish uchun misol va masalalar keltirilgan.

4.1. Koshi masalalariniyechish

Shunday qilib, aniq fizik jarayonni ifodalovchi yechimni
ajratib olish uchun qo‘shimcha shartlami berish zarur. Bunday
go‘shimcha shartlar boshlang‘ich va chegaraviy shartlardan iborat.

Jarayon sodir bo‘layotgan soha c¢c n- bo‘lib, s uning
chegarasi bod4sin. s ni boMaklari sillig sirtdeb hisoblaymiz.

Differensial tenglamalar uchun, asosan, 3 turdagi masalalar
bir-biridan farq giladi.

a) Koshi masalasi. Bu masala, asosan giperbolik va
parabolik turdagi tenglamalar uchun qo‘yiladi; ¢ soha butun « fazo
bilan ustma-ust tushadi, bu holda chegaraviy shartlar boMmaydi.

b) Chegaraviy masala elliptik turdagi tenglamalar uchun
go‘yiladi; s da chegaraviy shartlar beriladi, bu holda jarayon
statsionar boMgani sababli boshlangdich shartlar tabiiy ravishda
boMmaydi.

c¢) Aralash masala giperbolik va parabolik turdagi tenglamalar
uchun qo‘yiladi; ¢ ¢ n- bodlib, boshlang‘ich va chegaraviy shartlar
beriladi.
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Har ganday masalaning mohiyati berilgan <peBEv funksiyalarga
asosan uning ueE” yechimini topishdan iboratdir, bu yerda L| va
- metrikalari pu va pv bo‘lgan gandaydir metrik fazolardir. Bu
fazolar masalaning qo‘yilishi bilan aniglanadi.

Masalaning yechimi tushunchasi aniglangan bo‘lib, har bir
(peEyfunksiyalarga yagona u=R(<p)eEl yechim mos kelsin.

Agar ixtiyoriy *>0 uchun shunday s(e)>0 sonni ko‘rsatish
mumkin bo‘lib, pfpJ~Sie) tengsizlikdan p~u~ite tengsizlik
kelib chigsa, masala (E*£*) fazolar juftida turg‘un masala deyiladi.

Bunda u=/(#), gzB, /=12.. masalaning yechimi
berilgan shartlar (boshlang‘ich va chegaraviy shartlar, tenglamaning
koeffitsiyentlari, ozod hadi va h.k.) ga uzluksiz bogdiqg bo*ladi.

Agar tekshirilayotgan masala uchun ushbu

1) ixtiyoriy <peBv uchun ueEuyechim mavjud,;

2) nyechim yagona;

3) masala (£,,£,,) fazolar juftligida turgounlik shartlar bajarilsa,
masala (EBE£) fazolar juftligida korrekt (to”~ri) go‘yilgan
yoki to~ridan-to”ri korrekt masala deyiladi.

Aks holda masala korrekt go‘yilmagan masala deyiladi.

Yuqgoridagi talablardan kamida bittasi bajarilmay qolsa, yechim

boshlang‘ich va chegaraviy shartlarga uzluksiz bogMiq bo‘Imasligi
ham mumkin.

Masala. Quyidagi Koshi masalasini yeching:

»»-9% + =

"ry =0- x>0-

Yechish: Dastlab, tenglamani kanonik ko‘rinishga keltiramiz.
A=af2-a,,a2 ifodaninig giymatini hisoblaylik. g=n, *>0 bo‘lgani
uchun tenglama giperbolik. Yangi ” va " o0‘zgaruvchilarga o”tamiz:
£=2y[x+y, rj-1"x-y almashtirish yordamida berilgan tenglamani
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kanonik ko‘rinishga keltiramiz. U quyidagi kanonik ko‘rinishga ega:
Berilgan tenglamaninig umumiy
yechimi u(x,y)=/{2y[x+y)+g(24x-y) ko‘rinishda bo‘ladi.

Bu yechimlar orasidan Koshi shartlarini ganoatlantiruvchi
yechimni topamiz. Buning uchun quyidagi tenglamalar sistemasini
topamiz:

g(2yfx)=x

*/Ne <>
Natijada, /(2")= g@W)=| yechimlami olamiz, bu natijalami keltirib
umumiy yechimga qo‘ysak, Koshi masalasining yechimi hosil
bo‘ladi: u(x,y)=x+4 , x>0, ly|<2-Jx.

Masala. Xarakteristikada berilgan quyidagi masalani yeching:

da
et =tqyt > y+Hr=0da u(xy) =< vay-x =0 da

R0) =7(0).
(Eslatma. Giperbolik turdagi tenglamaga xarakteristikada
go‘yilgan masala Gursa masalasi deyiladi.)

Yechish: Dastlab, tenglamani kanonik ko‘rinishga keltiramiz.
A=a?2-alla2 ifodaninig giymatini hisoblaylik. A=1, boMgani uchun
tenglama giperbolik. Yangi £ va m o‘zgaruvchilarga o‘tamiz: =x+y

n=x-y almashtirish yordamida berilgan tenglamani kanonik
ko‘rinishga keltiramiz. U quyidagi kanonik ko‘rinishga ega: ~ = 0.

Berilgan tenglamaninig umumiy yechimi u(xy)=/(x +y)+g(x-y)
ko‘rinishda boMadi.

Bu vyechimlar orasidan xarakteristikada berilgan shartlarini
ganoatlantiruvchi yechimni topamiz. Buning uchun quyidagi

tenglamalar sistemasini topamiz:
f(0)+9(2x) =¥
f(2x)+g(0)=v/(x)
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Natijada,/(2)=<p(x)-s(0) va g@x)=WV(x)-f(o) yechimlami olamiz.
Muvofiglik shartidan esa /(0)+g(0) =(0x=V(0))tenglikni olamiz.

Bundan /(*+>0=v~"-s(0) va g(x-y)=<”""j-f(0) funksiyalami

aniglab, natijalami keltirib umumiy yechimga qo‘ysak, masalaning
yechimi hosil boMadi: =

Mustaqil bajarish uchun mashqlar
Quyidagi Koshi masalalarini yeching:

1. «v=0;

“l,-.”=0- =M h<i-
2. «,,+«,=0;

uly.,= sinx, mky e 1 [X] <00 ¢

3. ne-ik+2i*+2M ,=0;

M =*, “Pho=*  UN<°°-
4, «,-«,-2%1,-2m, =4;

«4*-0=" 1 W<ee.
5- w,+2«v-ir=2;

ul>-e=0- + N<«*
6. My+3 +jcuksjcyM=0;

yr-J*=°> uTwrU =e-s'\ X<\
7. Xutx+(x+M)uiy+yuy=0;

“I1=*]. 7 22, Jr>0.

8. v +2(1 + 2x)uB+4.X(I+x)M)y+2wy =0;
Lx*>=y>  “xU=2, H<oo
9. - Ym,,- 2yuy =0;

"Uis;V. «,L=* ><0.
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10.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

XN,,-2xyn,,-bm,,=0;

yV,, +X(2y - )™ - 2x1ufr - -J". =0 ;
» LU=1 >
yna ~(X+yYu+xun =0 ;

>
«al,» X, x>0

I+ 2Mbl +2bF1 X>0, >,

XYUOHXMX-YNY+N =2y, x>0,y <& ;
»U., =1-y. B )

n +——(«,+my)=2, 0<x, y<@®
Aty

«U-*1- " .U =l+jr-
n,-n +-n,--n =0, |x-"<1 |*+.y-2<1
X y -
N(x), wno€ CJ(0,2), i/,€C*(0,2).
26l -€~XUW=4Xx, -00<X, Yy<00
| &*Ccosx, wnJ =x* +1-

d*uld"-n,lj N X1

an al ,ar

nr dedy py X oy IX #O
caom L, oM oM omomon. * m =5y
BN 46NV +&+* =0 '
AN A +I/E 2|1 =0, h (FX— =3
XT Xoy oy oy
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23.

24,

25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

37.

38.

-8-o-mnmn 1-3—r-+2—

3
acr" ixdy ~ ay  ax ay 3 X e
3]1._2*L_/\|_0 _
382 gy a0 A F(x).
5— +2 N =0, wpy — Mo e,
38 - pay oy u-= 0 (*)
+3il2.-5~=o0, _ aH\ -
.S acy ay uu = LLlyy F(x).
3N 4-n7h =0 \ Mmoo .
&2~ ckdy ay2 Ko o F(x)
A B g&Y_ Mmoo
a*2 dady gy ' uy-0- 1y F(X)
A dam+am 3aw du
3 P £
3&2 axgy ay2 ardy :
AM  Am calm gy
TT+4-TT:-5TT+":-
pM pmoopmo. | Moo,
*a?-W 2&=0"'U=* &
S N A V.
& "ay2 &
v odwvomon 1 Am
& U v
Ox +ikay 0’ atln, *“xe
. am ov ~on . ) 3”|

A *-yd +3» 90" *~w4ax'-*  =8x-
.az2/ a2

VY

_awm n 3,
Ww y& a/ *Vll>-1~*»w = 15x2¢
am awm a»_n o, , x m
ey ogy2 M vweiex F »T“>'|

:{EL\ay_ Q 'a, :l\/|,1,:<>a§ = 6x2\fc-
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40.

41.
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43.

44,

45,

46.

47.
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49.

50.
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52.

53.

54.
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By
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ay

an

X 1
=2y\

- 2v2 an

X'«

an

TAY

=2/-y.
=1- 2=

=5n+2

=4-—x2¢

=2Y.

.2 3bl :47’3
*P



EE. 3 2342 16xx—'9-i2’-I + 16y d2f+1§x— =0;,m ,=5x’

i -3x2,
Iye
M= Ige -9jc2
Yy
N\—O.
56 113
5 &
57. 4 £ J =2K— -=o.
58 2512J_2a2\/|,p,|/|,,qv|n.,,ﬂ*7_
- 1i?'9 A +6T +6° =0; "U=3" | X2
59 dau ax . ,d2u . du _
. AL 12y N 43N =0> =Xm
60 . ®ad/ ., awm f, 2da .. du n | , it 20
' bx& - Xy N Xy ™ +HI5*&=0; - 3
61. —Z){+-25|nx--?'-\4---coszjc_'q”f+—+(smx+cosx+ fas_n.
dx2 dxdy dy2 dx dy
jly—eosxz"+25inx, ~sinx,
@ y—cosx
62 dau . da 2 oM m n o,
a?+2smda ™ _cos % "U— = +cosjr’
du 0
dy FeeiCM]
dy , . aX Ya »_
0J. —F--25MX-=------ -S‘+cos’x —— COSX— = si
o axdy ) dy dy U O SN
Y/
W 2
b3. d—af--zsinx-a-l-z-'!'---(3+coszx)qlﬂrzv-"+xa—w+(z -smx- cosx)— =q.
dy dx dy
. _du _ 8
ﬁb—«_“& =eZCOSX.

Xususiy hosilali differensial tenglamalar almashtirish yordamida
kanonik ko‘rinishga keltirilgan, dastlabki tenglamaning berilgan
boshlang‘ich shartlarni ganoatlantiruvchi xususiy yechimini toping:
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65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

I N

] Y X
R, -

wr o

R

;ﬁﬂ_lzo £ =3y+1.
2 1m =32+1
A& +3

mo2m_ 2% =3x+L
i 4pn_ M —oun
Abm)

m 1lm_ 3 e
A&N+7 A« Y%

R +4 =3/
597 TM
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82 anm 5m n K n 4 | < mm

=3/.
=|
n A -0 N - A= = 3y+2.
83. &gdfr 3” AE—O, €E="Nyd>u=y, bl—y-r'qg( y
84. M 3m n. 1 | , 2 oA =3y+2.
d@tj npé 15
85. ax 9 m n. r 32 | S L —
am 2al
86. SN =0 E=*Y T?=*>*Lj=*|+1>]r
a”N Naf [> ax,»,
87 am Aa ¢ 34 1 2@
C Mt IAMT T RS TN ey
Xarakteristikada berilgan masalalarni yeching:
M
88 ﬂT =—T j y+x=0 dau(xy)=p(x), y-x =0dau(xy)="(x),
ey
30) = V(0.

~T +6"T“+s5'TT=0®] y-x =0dau(x,y)=<p(x),
X Moy o ny

Sx-y =0da n(x,y) =A>0. 9(0) ="(0).

86| A37+6——+5‘%II o,

y =5x +3dau(x,y) = p(x),
ac accy ay

y =X -1 daun(x,y) =<pXx), <3(-1)=i/(-1).

N, ax 33\’.' Oam n
91. Lo Ry FEET 0>y Hax=odanixy) = <plxl

y +2x+2 =0 dam(x,y) =y/(x), o>(1) = VI(I).

IR R R

X +3y +1=0da u(x,y) =y/(x), 0® = Wn)-

4’2&' "8/\6 y +3"EJ1=:0» x+2y +1=0dau{x,y)=<p(x\
3x+2y +2=0dabIX,y) ="(x), =K *“i)-

B\A >32JJ 5a2i/ ~aMm

n
——-2 =0, X+3y+2 =0 dabl(X,y)=o(X),
ayy y (xy) = o(x)

2X—y -1 =o dam(xy) ="(x),
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qc -.A'n am 4 2l
axl g d7 ,2j," 59 4=0d*

X +5y+3=0da w(x,>")="(x), ~3) = N3)-

nr am  opm am .
w?  en* 3~ 4x-j.+3=0dac<jcy) = <>(X).

2x +j/-4 =0da u(x,y) =y/(x), ~(B) = N (6)-

0 7 M oM, dIv n
2 rer+l=an ) =1,
3x-y- 2=0dam(xy) =iy(x), (p{\) = " (s)-
no ~oM M gy .
98. Koy~ ~no/~ 4ir +™ +1=0da »(*.*)«*(*).

X-2> +4=0da u(x,™) ="(x), —)=W=)-
gg A—%A +;.T-AEI—————£15%V|: ‘{1 (n:> oqu y- 1=0 da u(x,>) =p(x).
axpy X gy
x*-y=0<\an (x,y)=d\ ~®0) = (2).
= . N_N= iIF=N
100. jla;r+2xgu1;y Yy Cy0); Odaz<x,jF)="),

x-2 =0da 7(x,9 =~(x), p(2) ="(4).

101. 274 +41~=0> (x>0);y->fx=0daufoy)=Ne),
axs o oxpy
y-2=0dan(xy) =u/(x), @) ="(4).
102. , = x>0, y-"=06/Uxy)=®),
ax ay X ax

y+x? +2=0dan(x,y)=0), PO =5, (2).

103. A+b h x N =N +2A"hxA=0;y-S=0dM *,y)=V <x),
AX By By chxgy X

y-e~x=0dau(xj;)==y<*), ~(0) ="(0).

4.2. To‘lgin tenglamasi uchun Koshining klassik masalasi
cz¢/>0)nc+(/>0) sinfdan shunday ux.o funksiya topilsinki, bu

funksiya />oda

U, = a28w/(* /)

tenglamani va quyidagi boshlang‘ich shartlami ganoatlantirsin:
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“Lo="(*).4Lo=*4(*).

Bu yerda /,wOmi - berilgan funksiyalar.

Bu masalaga Koshining klassik masalasi deyiladi.

Agar quyidagi shartlar bajarilsa:

fe(?(t>%uleC\R"), ueCt), n=lI;

[eC*(/>0),MeC\Rn), 4 eCA/n, n=2,3,
Koshining klassik masalasining yechimi mavjud, yagona va
quyidagi formulalar orgali topiladi:

n=1 boMganda, Dalamber formulasi bilan
t 1 I 1<(I-r) 11\

) = Al«o(* +°0 + o(*-a0]+ =
2

24 A 2a]y_é’y_fli)s‘T)d£dTr (1

n=2 bo‘lganda, Puasson formulasi bilan, agar n=2 bo‘lsa:

«(=m

Lj r m— f « +
+ 3 ».(FWi
2m Blu-i-1/or(!-
(2)
n=3 bo‘lganda, Kirxgoff formulasi bilan, agar n=3 boMsa:
\ \uNe dS
@)

Ba’zida berilgan /,wOM funksiyalarga garab, «*2 uchun quyidagi
formuladan ham foydalanish mumkin:
nx

(4)

bu yerda, n - Laplas operatori bo‘lib, *=0,12.. marta mos ravishda
MoMY - funksiyalarga qo‘llanilgan. (4) formuladan foydalanish,
berilgan funksiyalar, aynigsa, ko‘phad boMganda qu laydir.

48



= ya + ny +uns +ax+ bl
u(x,y,z,0)=xyz
ut(x,y,z,0)=xy+z

masalani formula bilan yeching.

Yechish: WwW=xyz funksiyaga keraklicha marta g operatomi
goMlaymiz:  A=uy=xyz;  AW=AUW(Xytz) =, +uly+ula =0-+0+0 =0.
Laplas operatorini keyingi goMlashlarda ham nol hosil boMadi,
demak, hisoblashni shu yerda to‘xtatamiz.

Xuddi shu hisoblashlami ux, f  funksiyalar uchun ham
bajaramiz: Aw =w, =xy+z;

Aw = =...=0; A°f=f=ax+bt; 0'/=02=...=0.
Hisoblashlami (4) formulaga go‘yamiz, natijada:

u(x,y,z,l) = xyz +t(xy +z)+ lfJ(/—r)(ax +br)dx :xyz+t{xy+z)+a)% +? yechimni

olamiz.

Masala: un=ua +ex; =sin*, MEO=x+cosx.

Koshi masalasini (1) formula bilan yeching.

Yechish: W0=sinx9 ,l=x+cosx, f(xj)=ex berilgan funksiyalar.
Masalani yechish uchun Dalamber formulasidan foydalanamiz:

, I (x+(-n)
u(xj) = —[sm(ic+/) +sin(x - /)]+—J(£ +cosg)dg +—j jeidfdr=

2 x-i 2 0x-it-r)

=A[sin(x+/) +sin(x- /)]+ +singj| +7 A =A[sn(IF+0 +sin(jr- H]+
+ ) ,\(XEO— (*Eo_j +?[sin(x+/)-sin(x-/)]+.J0VjA(f“ rMr =sin(x+/) +

+xt- exch(i- nf* =sin(x+/)+xt +e*(cht- 1)

fi=2valj=3 bo‘lgan masalalami mos ravishda Puasson va
Kirxgoff formulalari bilan yechganda, ba’zan Dekart koordinatalar
sistemasidan qutb va sferik koordinatalar sistemasiga o‘tib yechish
ma’qul. Quyida mos ravishda Puasson va Kirxgoff formulalarining
qutb va sferik koordinatalar sistemasidagi ifodalanishini keltiramiz:
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Puasson formulasi:

i jor wo,r ... +2. f ».«re
2{,.-A-n)7a/-r)r-|*-ar)2 be*bl aZr-\(-x\r
139 r LLE)<E 1 rAr?/(* +pcosy.y +psin (1)
2*'a ki—\VoV-l @2t 2et» 0 «  Jal(t-r)2-pl
+ 1 VMx+pmsp.y+psinp) I d°j'-;Uo(x+pcos<p,y+ps\nip)
2™ {{ JaV-pl 2w g,{{ JayY-p>

Kirxgoff formulasi:

U(X,I):_4/\r I'JI T'Ir']—,j<\{/f< t~a,\\)/#+1\—/§/u'f|{_]« (f)aB+ *[ [| /« («n

=—11- FFf/1 T+ pcostsin® s/ +/jsinfflsinAr+tfcos, /-—|/’7sm #&+
4*n doo V

| ctarr

+-—r | f]i/,(x +/3cos$>sm6,.)' +/>sm©sin0,z + pcose)p™ sinedOdtpdp +

4m loo

*
+ 4% -d— f/ﬁ\'/&)(x +pcosg>sinO,y + psin<psin0,z + pcobB)prs\néd9d(pdp

Mustaqil bajarish uchun mashqlar
Quyidagi Koshi masalalarini yeching:

a) (n=1I)
104. L,=Ya+6; «L =jc2>ML=4jr*
105. y,=Ux+*"; A=*\ «Ls*
106. un=uxx+sin*; i{~=smx, 1,LU=0.
107. U, =w+«X; 4 =sinjf* u'c=x+cosx-
108. un=9uxcs\Tvc; =1, N =1
109. «™=Ae +sinok; «L =0»*“/U=0-
110. w=Ax+sinot; u\ =0, t/,~=0.
b)(n=2)

111. u,=AH+2; «[*=ar, un|aB=y.

112. t"&i+feyf; wbL=x2-/, wnj=s1.

113. w,=[M+x3-30y2; "~ =ercosy, mlFo="sinjr.
114, tA=&J/+/siny; «LL="2 utia0=smy.
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115. n,=20M; «U=2xJ-y f<.=**+/m
116, 1/,=30n+*3+ /; M~=x2, wjo=y.

117. «L=">4L =N -
118.  u,=(?&u; ufo=cos(bx+cj;), W, =sin(&T+cj;).

119.  u,=<?fy; u,[“r\buyerdar-.~+/ s
120. w,=aZim+/-Y; uro=0, Hi0=0, bu yerda r=Jx2+y?2.
c) (n=3)

121. M, =[p1+2*>*; N = x 2+y-2272, ulfad=I.

122. w,=8Ah+/V; «L =/, «U=z2*

123. =3un+érz, ~ ="V, =jg*, bu yerda
r=Jx2+y2+z2.

124, Mi=+6ter 19, U, B=e**roszJl, u| »*J'4€6n5x.

125. u,-dtu =r\ Wfi0=r4, bu yerda r=V*2+y2+z. .

126. n,,=a2lpl+r¥, «L =°, ML =0>bu yerda
M="Yx2-"y2—+2 .

127. n= +cosxsinye%  wWFo=x2™, u| =sinjreMl.

128. un=a2+u+xJ cosQy+4z), =.rycosz, u\"yzi.

129. u,=a20M  wW=0=cosr, uj0=cosr, bu yerda
r=<mM+y2+zz.

4.3. Issiqlik o ‘tkazuvchanlik tenglamasi uchun Koshi masalasi
C*(t>Q)nC(t>0) sinfdan shunday ,,(*,0 funksiya topilsinki, bu
funksiya *€/r, />o0da
u, =a20bI+/(x,/)
tenglamani va quyidagi boshlang‘ich shartni qanoatlantirsin:
“Lo=o(*)>
bu yerda /,w0 - berilgan funksiyalar va \\Q<M, m >0 - biror son.
Bu masalaga issiglik o4kazuvchanlik tenglamasi uchun

Koshining klassik masalasi deyiladi.
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Agar / eC2r>0) funksiya va uning barcha ikkinchi tartibigacha
hosilalari har bir o<t<T sohada chegaralangan, wgc(T) funksiya
chegaralangan boMsa, u vagtda Koshining klassik masalasining
yechimi mavjud, yagona va quyidagi Puasson formulasi orgali
topiladi:

1 [ f(c . u-i?
@I or-[2ajx(t - rJ

(%)

Quyidagi forrnuladan ham foydalansa bo’ladi:

(6)
Masala. = wWid=2. Koshi masalasini yeching.
Yechish: Bu masalani yechish uchun (5) forrnuladan
foydalanamiz. Bu holda berilganlar quyidagilardan iborat: a=2,
M@ =2, f(x,t)=t+e'. Ulami (5) formulaga etib qo‘yamiz:

o (Xl
uxn =5 5P No df+f fo £ Cd&T =/, +/
(7)
bu yerda /, == & ¢ va /2=TT ¢ efiddr. Integralami

alohida-alohida hisoblaymiz.

1j belgilash kiritamiz

ATt
£ =x-4ylirj
/552 A d£ = -Ayfidrj
g- -00->7 =00
£=m->j =
-j=\e-*'dn = = VY - Puasson integrali

n
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demak, /,»2.

[, =ff—F==¢ - integralni hisoblashda ham
11%47 )

yuqoridagi kabi fikr yuritib, hisoblashlami bajaramiz va quyidagi

2
natijani olamiz: 11=-+e,-\. Ikkala integralni (7) ga go‘yamiz,
natijada quyidagi yechimni hosil gilamiz: u(x,t)=—+e, +1.

Mustagil bajarish uchun mashglar
(5) yoki (6) formulalar yordamida quyidagi Koshi masalalarini

yeching.

a‘)(”::l)
1 W= 4na + 1+e”,
4 = 2
2 . w, = u , + 3t2, 4 -,=sinx
3 W, = uxx+e-lcosx., W[M,=co «
4 U,z uxzee'sm x, 4 ~=sin*
el

5 M,=MA -H>TT, Sy S
6 4 » 4 ew
7 4 =4 4 -

= sin xe-x .
8 - ‘L
b) (n=2)
9 . w.=iu+e', 4 N = cosxsin>>
10 W, = AM +sin/sirursiiry, ullzo = 1
11 14 =AM +COSHT,

4 I v

12 8y =4 n + 1, 4 n =
13. U = 4 4 . = cosxy
c) (n=3)
14 14 = 2Am +/cosc, Ml=o = coss'sin z -
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15. n, =3ibl+e’, yll-0 =sin(x-j>—z).
16. 4y =&[+sin2z, W ;= JSin2zZ+, Moo,
17. N=AM+cosNy+z),  « =g-C'W.
18. u{=Au} bILl, =cos(xy)sinz.
d) Quyidagi Koshi masalalarini yeching
W =Am, nJ =“oW, jce/?’
bu yerda u0 quyidagicha aniglanadi:

19. u0=cosY”"xk. 20 . uQ=eH15
21. «@ 22. W="sin|\r4je

(141 4
23. W0



5-BOB. 0 ‘ZGARUVCHILARNI AJRATISH
(FURYE) USULI

Ushbu bobda tor tebranish va issiglik o4kazuvchanlik
tenglamalariga qo‘yilgan aralash masalalami yechishning Furye
usuli o‘rganilgan. Mavzuga doir mustaqil yechish uchun misol va
masalalar keltirilgan.

5.1. Giperbolik turdagi tenglama
Uchlari *=0 va *=/ nuqtalarda mahkamlangan tor tebranishi
tenglamasi masalasi uchun Furye yoki o”garuvchilarni airatish
usulini bayon gilamiz.
Erkin tor tebranish tenglamasining:
da  2da
~#2~a a?
(2
boshlang‘ich:
«U="0(*).4U="“{W ()
va chegaraviy:

»Ls”™M«LsO (?)
shartlami ganoatlantiruvchi b(x,0 yechimini £={(x./):0<x</;/>0}
sohada aniglaylik.

Dastlab, (1) tenglamaning xususiy yechimlarini quyidagi
ko‘rinishda gidiramiz:
“(x,0) = X ()7'0) (4)
bu funksiyalar aynan nolga teng emas va (3) chegaraviy shartlami
ganoatlantirsin.
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(@) funksiyani (1) tenglamaga qo‘yib quyidagi odd
differensial tenglamalarga kelamiz:
T'(t)+a2AT(t)=0, (5)
(%) +11<) =0, (6)
bu yerda n=const.
Chegaraviy shartlar quyidagicha bo‘ladi:
*(0)=0, X(f)=Q. (7
Natijada biz (6)-(7) Shturm-Liuvill masalasi deb ataluvchi
masalaga kelamiz.
Bu masalaning xos sonlari:

N=(y) *=12.

va bu xos sonlarga quyidagi xos funksiyalar mos keladi:
f2 . Tdx
**) v7sin_T'
boMganda (5) tenglama quyidagi umumiy yechimga ega:

) = akcos K3 4 pisim K1OL

Shuning uchun
kax,ﬂ =)\(k(x)‘lrk(0 akcoskmt +ht srnkgmlsm—

funksiyalar har ganday & va bk uchun (1) masalani va (3)
chegaraviy shartlami ganoatlantiradi.

(2)-(3) shartlami ganoatlantiruvchi (1) masalaning yechimini
gator ko‘rinishida gidiramiz:

w(*,0= ®Tk(O=jrfakcos” +bksm "Ism’\ (8)

Jo=l 1)

Agar bu qator tekis yaginlashuvchi bo‘lib, uni hadma-had ikki
marta differensiallash mumkin bo‘lsa, u vaqtda qator yig‘indisi (1)
tenglamani va (3) chegaraviy shartlami ganoatlantiradi.
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ak va K doimiy koeffitsiyentlami shunday aniglaymizki, (8)

gator yig‘indisi (2) boshlang‘ich shartlami ganoatlantirsin, u holda
quyidagi tengliklarga kelamiz:

Vo(*) =Z**simg> C))
M =£A 1
u £ "bts (10)

(9) va (10) formulalar w(X) va Ax) funksiyalarning (o./) intervalda

sinuslar bo‘yicha Furye qatoriga yoyilmasini beradi. Bu
yoyilmalaming koeffitsiyentlari quyidagi formulalar bilan topiladi:

ak= )é | 10(ar)an-1,

bk = —fn, (x)sin dx .
kna ¢ /

Masala: Quyidagi masalani yeching:
y,=u,,+un, o<x</, =0, IL=/, «L=°f 4.0 =7 -

Chegaraviy shartlar noldan fargli boMgani uchun, yechimni
u=v+w Kko‘rinishda qidiramiz, bu yerda *=//go+yQO,(0-/*))>
I(h=q I,(h=/. U holda wx/)=j ,yechim esa

i) =v(x/) +y (*)

ko‘rinishda bo‘ladi. Yechimdagi **,0 funksiya quyidagi masalani
ganoatlantiradi:

w=w Hv+y> °<*F<f L sOMWL =0»4*=°» VL =0- 00

Berilgan tenglamaning A=(y) xos sonlarini va siny-X Xos

funksiyalarini  aniglaymiz. Shunga, asosan, yechimni quyidagi
ko‘rinishda gidiramiz:

wx)=f>.(0 (12)
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Tenglamaning ozod hadi /(*/)= funksiyani Furye qatoriga

yoyamiz:

/(*/) ="/ ,,(Osinyx. 13

(:/)=1/.(Osiny (13)
frt) - Furye koeffitsiyentlarini quyidagi formula yordamida
aniglaymiz: /,,(/)=-/}/(£,Osin—’\ «-j~Nsin— Integralni bo‘laklab

O A Nl 1
integrallab, natijada
1.0) =" (14)

tenglikni hosil gilamiz.
(12) va (13) funksiyalami (14)ni hisobga olgan holda (11)

masaladagi tengliklarga go‘yamiz, natijada noma’lum g,,(0 funksiya

uchun quyidagi Koshi masalasini olamiz:
(0 = (- r751 (]_5)

k, (0=o0, g,(/)=o0.

(15) masalani yechishda, dastlab, tenglamaning yechimini quyidagi

ko‘rinishda qidiring: g,,(0=i,,(0+g*,,(0, bu yerda gt) - berilgan

tenglamaga mos bir jinsli tenglamaning umumiy yechimi, ¢*,0 -

berilgan tenglamaning xususiy yechimi boMib, o‘ng tomonga garab

tanlanadi, bizning holda, g*n(t)=at ko‘rinishda gidirish mumkin.

(15) masalani yechib, natijada (11) masalaning yechim

aniqlaymiz:
4dwm -

sinl(i}x, (16)
7))

(16)  funksiyani (*) ga qo'yib, berilgan masalaning yechimin
olamiz, ya’'ni:
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Mustagil bajarish uchun masalalar
Quyidagi aralash masalalarni yeching:

i- W=k, -4u, (o<*<i)kL=°. «|=°> "L =x2-x>"L="°-

2. n,+2u=un,,-n, (0<x<*)"L=°> "L=°> = olL=°-
3 «,+2u,=u,,-u(o<x<x); a,L =0, W,,=0, u],,,=0, i/L=*
4. «,+«,="», (0<x<o«L =>“L=°> “L =0>uL=1 x-

5. «,=e,te, 4> <x<2)A=201, AL, =0. "L =0>".L="°

6. U,=WtU, (0<g</)n|n-)=0, uw =/, wL=°"> “L=y-

7. U,=n,+X(0<x<x); U4L~=0, 4, =0, 4 =0=sin2x, B,L=0.

8. u,Hu=«,+1(0<x<l); "L=°> «L == "L=°"> “ L =0-

9. a,-K,,+2K =Ax+e'cosx 0<x<|J; ¥ =/, nll=al", Ji0=cosx,

u.Ilr:0 =2X.

10.  i4,-H,,-2a;=4/(sinx-x) Jo<x<|j; u],0=83>"<L|='+/>"L=3>
4- . =*+sinx-

11. ua-3«, =H) +i/-x(4+0 +33 (0 <x<*); f+1 =a(, +1)>
«L=*> KL=*-

12, U,-7n,—=n,,+2bl1—2/—Fx+e"'sm3x (0 <x <x); <i-0=0>"1™=n,>
IIL :O>"<L:\]t'

13.  n,+2n=u,,+8u+2x(I-4/)+cos3x"0<x<|j; u,L=/, “L|, =y>

"L =0>L =G
14,  «,=a,+4u+2sindx 0<x <*)', "L=0, a,L=0, «L =*>“L=°



15.  4,=«or+10/+2sin2*cosr*O<x<|j; H,|*=0, «,L4=0, nj =0,

hL =o.

16.  L,-3bl,=n,,+2«1-3ar-2N(0<x <1); «,,,=0, w =1, simx
B =)

o <m 2

17-  -92= «(0.0 =0, «/ /) =0, «(x0)=/(*),

f-W >) = FJT);

18. =az (/>0), m(0,/) =0, «(//) =0, *<x,0)=5siiNM-"sin*f,
.0y =0
10 2 *un .
~di*~a a?* «(0,0 =0, «(/,/) =0 n(x,0) =o,
af( ,0) =6sin sin ¥ +sin

o wt=g’ />0, U= M/O=0
«(*,0) dsiiHf+4$1n™  sin”,
F>0 =Nsin +Bsin *\  AB=tonst sp<=N

U 24
(~A?~a a2 (7>0),  «0/)=0, (0 =0, u(jc,0) =AX
.
22. =< s (/=0), u©/)=0, /(.0 =0, UXQ =0,
o, O”xZa,
fw e - 4» 3-<X<p\
0, P<x<C
& A 4hx()
23. = =% (120, “0NH=0  «0=0, uxf)="2
f(x.°) =0
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N4, — =" _ (/7>0),

—X, 0ix£c,
*(*’0) " m
(c-1

&« N 232’/: Iu (/>65|»

CKXSI,

m(0,0 =0, «(N0O=0,
"1r<x0 =0

"00=0  «/0=0

U(x,0)=fI(ML-2(f)5+(H]A>0, Lrufi) =0;

V] ~.CP:A£%' (
Har0=\x)
277 Y Ma?r* (>0
i‘;(x,O) =0;
2cu

a’7=a a?' it>0),

N-(x.0) ="sin

. O@ 2(fu

~m(x.0) =sinA*

. 1
' f¥ e’ (*>0),
fig
~¥
ov o 2p*n
~r

n
Fd‘t (X,0):=y:

33, Jreth (<0

«(°.0*0,X(/,0 =0m(x,0) =/(x),

«(0,0=0, —{/,0=0, 1<x,0)=yAsin™+5sir>",
ax

.(0,0=0, ~(/,0 =Q XY =0,
( O,CLX( Q AL

/(0,0 =0, ”[‘Pg/.o =0, M(1.0) =0, f&t(x,O) =uo0;

m - A —
W, bi(x,0) = | agx.O) =0

m n i/yn\=kirv3*—Lans

»0=0, &(/.OZO.«(X.O) =X, %.0) =u,
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34,

Ly :AZTT. (<0), b0/)=0, X(/.0 =0, uco =Ax

~-(jc,0) =sin”™-2sin*f;
at

35.

36.

37.

38.

|27=028 , (<0),»(Z,0.Q17-(0,0 =0, «(*,0) >/(*¥), *-(x,0) =F(,

Llrz aZAXT. (*>0),«(/,0 =0 A—X(o,o =0, a(x,0)=,4c0sE+BSInE,
f(x.0) =0;

A[=ooN

(>0). #/=0. ]|j(0,0=0, *O>=,

~m(or.0) =2 cos - 1sinif;
at
$$t: ° 2'(!;I> (>0) «(/,0=0, f i (0,0=0,4*,0)=cos*,

’;t-(z,O) =cos"- | cos™-;

39-

40.

41.

42.

44,

i o (PO=FTAS0=> =0' 17(f0) ="

§r-«*§. (<>0)«(/,0=0"0,0=0".0)=fci,]w)=0;

=°lg "’ N = N =i _1 N
1Oc '%]: C=0), «{{/,0=0. ~-(0,0 8,tu( 0)=icosf-icos™;

_éj:e2ﬁ> (=0>»(/,0=0 &(0.0 =0, ux0)=/- 1

t-(x,O) =c0s*-3cos”-;

Ao tPU N LN
arJ a?’
=dA>

%yz-aﬁ ﬁ (<0, Jio) = A(/.0=0ux0)=/(X)
fr 0~ F(X);
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45, (d‘,t r= rgx. (/>0), %.(o,r):o, &(/.o=o,«(x.o) =0,
‘&~(X,O) =c0s2
4. A=a2d . 030) @090 A (.)=0«(x0)=sir,

2(x.0) =0
50:-0)

47. %: >a§_ (r>0),(|j>r(1(o,o=o. %X(/.o=o,

n(x,0) =1+ co”f- j COSAf, r (x,0) =2cos*f-- L cos”™ ;

18- % =18 V) e w i

n 0>=0;
dt(xo 0

49. § = A (<>0), —(0.0-0. 5n(,.A=0.20O)=sirff,
dx ax

dt dir
’Elu .0)=X;
50. (<>®)-_(0.0=0, A(/.0- 0 br.o-*,
@ Ca dx ax
o dt dx (A>0)’& (0,0 =0. ’&(/,0 =0, bi(Xx,0)=/-X,

" — A
%rt (x.0) =cos2”™

52. L, g /POPA(00-0 N0 =0.¢(x.0)=cosT,
f (X0=-X.
53. ,c\:r: a r/(\)T . (/>0), 0<x</, « M * 0, (/. /) +/u(7.7) =0, A>0,

n(x,0) =/(x). ’EI(X.O) =F(x);

54. fr=-el0> (>). 0<x</.»(0,0=0, L (»,0+M/10 =o.

A>0, " (x,0) =0;
ot
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W ' = —
55. (5020 — (00 =0 —(/D)+hi/)=QA>0

«(x.0) =/(x). ’;t(x,O) =F(x);

5. A WY (/>0p>0<x</, — (0,0 =0, — (1,1) +hu(l,t) =0, h>0,

»(X0) =0, ’QE(X,O) =l

d*u ,d*u
57. = (/>0)>0<x</. ~.(0,0 =0, ~-(I',) +hu(l.t) =0,h>0,

u(x,0) = .4* ¥-(,,0) =0;
o/

58. 1T =a2[y»  (">0), 0<n</, n/0=o, % ©/)-//(e/) =0, n>o0,

Lx,0)=/(x). S<x.0)=F(x);

59. (gtr :OZ’C'\mp (/>0p O<X</, &(/,0 =0 &(0,0—A«(0,0 =0, A0

60) =10, :(x,0)=F ()

d*

du
60" Gu =21)> (>0 0x</}0,0- MOO=0, |(/.r)+W//) =0,
h>o U(X,0)=/(X), ’E]—_()(’o)zF(x);
é-i- '&\':a dr (/\>‘(1J'),0<x</g-')~'((0io -V (0,0=0, ’Sa')'(l(/,0+n2/I(/,0 =0.

A >0/, >0, m(x,0) =/(x), ’;E(X,O) =F(x)-

62. a7 a?’ ~>0),0<jr</-"(o-")=o0- * (o)
u(x0) =/(x), fx.0) =F(x):

«. 0=A~0, (<>0)0<x</.b@)=0, 0(/,/)="|(/,0,
«(x0)= N1x,(x,0) =0;

64. (»>0), 0<x</, PA>./) =0, A ( 7)=-AN(/.0.
*=)=/(x),11(x,0) =Fx);
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65.

| T=22%  (">0),0<x</,$(0,/)=A"(0,0. §(/,0=-A"(AO0.

*x,0) =/(*), ’(\Jt(*,O)=F(X);

66-

cn

70.

71.

ﬂ*l/l A m nin N
+2a “a? <°'>=0;-[-,<J=0;,(x=/XN.

1% (x.0)=F(x);

dru g un  qu am(k \ m
aroa ~& 2 =~ (0.0 =0;-(N-,/3=0;,UD)=coSx. _(x,0)=0;

d ¥y s \

AT-2M= — «(0,0 =0;— ~-,/1=0; bx,0) =7/(x).
17(x,0) =F(x);

CM W s A
~d53J=aS ==

*

A-10- =R n0./)=0; @i-T,MAzﬁ»(x,O)zl(xx K(x,0) =0;
AP0 UAASD, =0 (0= sinxsingx
¥0) =F(0);

7 A '
a7 =0 2" J(rO=/cry

~m(x,0)=F(x);

5.2. Parabolik turdagi tenglama

Birjinsli ingichka sterjenda issiglik targalish masalasini ko‘rib

chigamiz,

uning yon sirti issiglik o‘tkazmaydi, *=0 va *=/

chegaralarida esa nol temperatura saglanadi deb faraz gilamiz.
Ushbu masala uchun Furye yoki 0‘zgaruvchilami ajratish usulini
bayon gilamiz.

Quyidagi masalani garaylik:
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tenglamaning boshlang‘ich:

M_o="o\> (18)
va chegaraviy:

“U=<*“L="°, 09)
shartlami ganoatlantiruvchi Mx,0 yechimini d={(*/).0<x</,/>0}
sohada topish talab etilsin. Dastlab, (17) tenglamaning xususiy
yechimlarini quyidagi kolrinishda gidiramiz:

W) =X(X)T{1), (20)
bu funksiyalar aynan nolga teng emas va xw funksiya (19)
chegaraviy shartlami ganoatlantiradi.

(20) funksiyani (17) tenglamaga qo'yib quyidagi oddiy
differensial tenglamalarga kelamiz:
I(/)+a2nr(0=0, (21)
JE,() +>A =0, (22)
bu yerda s =const
X(X) funksiya uchun chegaraviy shartlar quyidagidan iborat:
M0)=q x(i)=o. (23)
Natijada biz Shturm-Liuvill (22)-(23) masalasiga kelamiz.
Bu masalaning xos sonlari

ury .

bo'lib, ularga quyidagi xos funksiyalar mos keladi:
Xt(x)=dn e
A bo‘lganda (21) tenglama quyidagi umumiy yechimga ega:

Tk(l) =ake ' > .
Shuning uchun

Uk, t) =XKX)TK(t)Aate A A sin <M



funksiya har ganday ak uchun (17) masalani va (19) chegaraviy
shartlami ganoatlantiradi.

(18)-(19) shartlami ganoatlantiruvchi  (17) masalaning
yechimini gator ko‘rinishida gidiramiz:

(24)

Agar bu qator tekis yaginlashuvchi bo‘lib, uni t o‘zgaruvchi
bo‘yicha bir marta X o‘zgaruvchi bo'yicha ikki marta
differensiallash mumkin bo‘lsa, u vaqtda gator yig‘indisi (17)
tenglamani va (19) chegaraviy shartlami ganoatlantiradi.
ak doimiy koeffitsiyentlami shunday aniglaymizki, bunda (24)
gator yig‘indisi (18) boshlang‘ich shartlami ganoatlantirsin. U holda
quyidagi tengliklarga kelamiz:
) =Ry rsm (25)

(25) formula Uu¥Y funksiyaning (o/)intervalda sinuslar bo‘yicha
Furye yoyilmasini beradi. Bu yoyilmaning koeffitsiyentlari quyidagi
formula bilan topiladi:
ak=2\'u O(X)smkﬂdx .
10 *

Masala: Quyidagi masalani Furye usulida yeching:
U=c«,+“, (0<x<I) «I” =0, Hf=0, H« =13x- (26)
Dastlab, (26) tenglamaning xususiy yechimlarini (20)
ko‘rinishda gidiramiz.
a(c) va 7affunksiyalar aynan nolga teng emas va x(X) masaladagi
chegaraviy shartlami ganoatlantirsin.
(20) funksiyani (26) masaladagi tenglamaga go‘yib quyidagi
oddiy differensial tenglamalarga kelamiz:
(N +T<L=0, (27)
AT(X) + (1 +UN(x) =0, (28)
bu yerda s =comst
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Chegaraviy shartlar quyidagicha boMadi:
n)=o0, X(/)=o. (29)
Natijada biz Shturm-Liuvill (28)-(29) masalasiga kelamiz.
Bu masalaning xos sonlari:

1
-N -
bo‘lib va bu xos sonlarga quyidagi xos funksiyalar mos keladi:
* () =sin X
N=A¥bo‘lganda (27) tenglama quyidagi umumiy yechimga ega:
T()=ae"
Shuning uchun
u,(%/) =Xn(X)T,,(t) =are K }sin-

funksiya har ganday anuchun berilgan masalani ganoatlantiradi.
Berilgan masalaning yechimini gator ko‘rinishida gidiramiz:

X
0=Y.X.TOO = i
(zr y sm—i—

a, doimiy koeffitsiyentlami shunday aniglaymizki, bunda bu
gator yig‘indisi boshlang‘ich shartlami qanoatlantirsin. U holda
quyidagi tenglikni hosil gilamiz:

13-jr=Yh, s X

bu tenglik i/oX=13c funksiyaning <a/)intervalda sinuslar bo'yicha
Furye gatoriga yoyilmasini beradi. Bu yoyilmaning koeffitsiyentlari
quyidagi formula bilan topiladi:

an =2 13 excesin Xk
0

Bu yerda integralni bo‘laklab integrallab, ﬂl,z—m + larga ega

bo‘lamiz. U vaqgtda izlanayotgan yechim quyidagi ko‘rinishda
bo‘ladi:
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Mustaqil bajarish uchun masalalar
Quyidagi aralash masalalami yeching;
73.  4="t* (o<x</)w|io=0, W =0>UAr=rc<V.
74.  u,=uz, (0<x</)w|~=0, "L =0>4=0=" /*jr>h =const.
75, A=«tr} e<x</)n] "=0>Ur+H b1 =0» «L =""(*)e
76 Y=«xr, (o<x</)(mx-NAm)|*"=0, (nx+/w)|"=0,
77 *4=MXXJ (o<x</)milxmo= 0, wxL = 0, ~ =1 = «¥U N .
uQ=const, agar 0< x < -
78. Lkwm, (o=x</)g0=°, M,L=°, {4 "J 2
0, agar -j<x</
lim «(*.")-?
79. M (0<*</)"xL=0> n,n=0,
21D |
~Y~Xy a&ar 0<X <-
M / *
-~ (1-x), agar 2 " X</
bu yerda ~cons. lim ,(*,)_?
$0. h=" (0<x<0"XL=0, «L=°> U = jt2- 1-
81l. 4="=+" (o<*</)“L =0>"L =0>Yn=}-
82.  u=UM4u, (o<x<x)Hrf=o0, «L =0>"L"*2-®-
83. 4= (o<*</)»,L=1*"L =0>"L="°-
84. n=«,+u+2sin2*sinx, 0 <jc</ju, =0, <LU=0>4=.=0-
85. U=u,-2ul+x+2t, O<x<)t “L =0. "L=°> uL=e'sin«.

86. U, =u,,+u+25sin2xcosx, "0<x<yjuj”™ =0, u,],£=I, «L =x-

87. U =n,HM+2sin2xsin, O<»<x) «,U =0, ¥ =2* 4n =0-
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88. W -n"N +bx-n - exsinx-f, @<x<np) N =1+/, 4"=1+*,
njuU =1+exsin2x.

89. u -ua-n=x/(2-0+2coin, (o<x<a-)Mxm=/2, wd~,=t\
4N =cos2x*

90. 1 -IM=ssin2icos3x-9x2-2, (0<X<A) =0, -2n-,
4=0=*2+2-

91. M =Mr+6M+2/(1-3/)-6x+2cosxcos2x, ~0<x *N =]

N =G

92.  u, =Mrc+6i/+x2(1-6r)-2(/+3x)+sin2x, (0 <x <) *4/~=1,
"xL=2"+1, « L «.

93. WAHXXx+K+s-"+1+e-"c0s2*, (o<*<i), «U =/ 4=i; 2/,

4=0=0*
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6-BOB. INTEGRAL TENGLAMALAR

Integral tenglamalar nazariyasi hozirgi zamon
matematikasining muhim va murakkab yo‘nalishlaridan biriga
aylanib bormogda. Integral tenglamalaming turlari shu gadar
ko'payib ketdiki, ularga umumiy ta'rif berishning iloji bo'lmay
goldi. Shunday bo'lsa-da, integral tenglamaning mavjud ilmiy
adabiyotlarda gabul gilingan ta'riflni eslatib o'tamiz.

Ta'rif. Agar tenglamadagi noma’lum funksiya shu
fimksiyaning argumenti bo'yicha olinadigan integral ishorasi ostida
bo'lsa, bunday tenglama integral tenglama deb ataladi.

Integral tenglamalaming ba’zilari va ulami yechish usullari
bilan quyida tanishamiz.

6.1. Fredgol’'m tenglamalari. Ketma-ket yaqinlashish usuli
Matematik fizikaning ko‘pgina masalalari W) noma'lum
funksiyaga nisbatan

IK(x,tu(t)dt =f(x), (1)

K =7(*) + X\K (xJ)u(t)dt (2)

ko‘rinishdagi integral tenglamalarga keltiriladi. Bu tenglamalarda
/(jo - ozod had va K(x,0 tenglamaning yadrosi berilgan funksiyalar,
q - (2) tenglamaning parametri, integrallash chegaralari a va b
berilgan hagigiy o'zgarmas sonlardir. (1) va (2) tenglamalar mos
ravishda Fredgol’'mning birinchi va ikkinchi turdagi integral
tenglamalari deyiladi. (2) tenglamadagi noma’lum funksiya co)
integral ishorasidan tashqgarida ham ishtirok etmogda. Bu
tenglamalardagi /(*) funksiya i(a”*x<b) kesmada, k(*/) yadro esa
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#Z(an.xEb>ain1 iib) yopiq sohada berilgan va uzluksiz funksiyalar deb
hisoblanadi.

Agar (2) integral tenglamada /=0 bo‘lsa, unda u
t
)=/VTKWMOA (3)
a

ko‘rinishda bo‘lib, bu tenglama (2) tenglamaga mos bir jinsli
ikkinchi turdagi FredgoPm integral tenglamasi deyiladi.
Nihoyat, ushbu

PRUG=I(X)+1] Keghuitet (4)
tenglamaga uchinchi tur integral tenglama deb ataladi. Agar /
kesmada<p(x) =obo'lsa, undan (1) tenglama; <®=i bo'lsa, undan (2)
tenglama kelib chigadi. Yugorida biz tanishgan integral
tenglamalaming  barchasida noma'lum U4¥Y  funksiya bir
argumentlidir, ya'ni birgina * erkli o'zgaruvchining funksiyasidir.
Misol uchun quyidagi integral tenglamani olaylik:

|
up)=3K- 2+3€) Xu(jd,

Bunda
f(x) =3x- 2, K(X,)=x, a=0 6=1
n=3
Demak, bu tenglama Fredgol’mning ikkinchi tur tenglamalaridan
ekan.

Ta'rif. Agar «*), Xe[ap] funksiyani (1) yoki (2) integral
tenglamaga olib qo‘yganda bu tenglama ayniyatga aylansa, u holda
bu funksiya shu mos tenglamaning yechimi deb aytiladi.

Misol: u¥=siny funksiya quyidagi integral tenglamaning
yechimi ekanligini ko‘rsating:

WK =, bunda
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Yechish: Tenglamaning chap tomonini yadro ko‘rinishining
hisobiga, o‘zgartiramiz:

"W- )=

= [@-/w(r)
Hosil bo‘lgan tenglamaga u(n=sin—x ni qo'yib,

/S'inE/ | sinI/
sin2—X -— (2—jc)f--—-- —t +X\(2-t)---- —dt :sinz—x-

R VA, W, 2 VT ___2__4 J 2 _X
&/'X'\ n°°52+| My Uy 27 hY g/}}ﬂ 2

ekanligiga ishonch hosil gilamiz. Demak, u(X)=sin£x funksiya
berilgan integral tenglamaga go‘yganda ayniyat hosil bo‘ldi. Bu esa
t/X=sin j X funksiya tenglamaning yechimi ekanligini ko‘rsatadi.

Endi ikkinchi turdagi Fredgol’m integral tenglamasini ketm a-
ket yaginlashish usuli bilan yechamiz. (2) tenglamada A'(x,y)va /(x)
funksiyalar o‘zlari aniglangan sohalarda uzluksiz boMgani uchun

KOGy 7 M, a<x<sb, mel/] =m, 5)
a
bo'ladi.
Agar (2) tenglama nparametri
M<mrd-a) (6)
shartni ganoatlantirsa, u holda bu tenglamaning yagona ¢») yechimi

mavjud boMib, uni ketma-ket yaginlashish usuli bilan topish
mumKin.



Nolinchi yaginlashish sifatida (2) tenglamaning ozod hadini
gabul gilamiz:
)=/
Birinchi yaginlashishni
KW=/(x)+" (xj)/ (»
a

munosabat bilan aniglaymiz. Bu jarayonni davom ettirib n-
yaginlashishni

R =HX) BN, 0 =12 (7)

formula bilan aniglaymiz.
Shunday qilib, (7) rekkurent munosabatlami ganoatiantiruvchi
u@), u,(x), (8)
funksiyalar ketma-ketligiga ega bo‘lamiz.
Matematik analizdan ma’lumki, (9) ketma-ketlikning
yaginlashishi

“OWHS K (*)-“1-(¥)] (9)
gatoming yaqinlashishiga teng kuchlidir. (7) formulani

(*) =fix)+ aK(X,Y)[U"O')- ) +",T (yityy=

=/(*)+ Yl Yy + 0)-  (ypfr= (10)

9 a

+  *GwOk-iOO-4rt(y)]s&\ n1=2,3,4,...
a

koYinishida yozib olamiz.
(6) ga asosan, (10) dan darhol quyidagi tengsizliklar kelib
chigadi:
BO(x) [ smf
K () ~«o ()] * m\X\Mp- a),
K CO~"i001* HAr M \b -a)r,

\nnx)-n,,.,x)\r\d\aM \b -arl .
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Shunday qilib, (9) gatoming har bir hadi musbat sonli
M"(b-al” (11)
gatoming mos hadidan katta emas. (11) gator esa, (6) ga asosan
yaginlashuvchidir. Demak, (9) qator, natijada uzluksiz

funksiyalaming (8) ketma-ketligi uzluksiz U funksiyaga absolyut
va tekis yaginlashadi. (7) tenglikda «=« limitga o‘tib,
u(x) =f(x) +ANK(x,y)u(y)dy
tenglikni hosil gilamiz, bu esa «* funksiya (2) tenglamaning
yechimi ekanligini ko‘rsatadi. Endi (2) tenglamaning ) dan
boshga yechimi yo'gligini ko‘rsatish giyin emas. Buning uchun
aksincha, ya'ni (2) tenglamaning ux) dan boshga yana bitta y*>
yechimi bor deb faraz gilamiz. U holda bu yechimlaming ayirmasi
*(J0 =«(*)-v(*)(3) bir jinsli tenglamaning yechimidan iborat bo'ladi,
ya'ni:
b
w(x) = aK(X,y)W(y)dy,
wo=naxy|

deb belgilab olsak, oxirgi tenglikdan
WO <\ALLd

tengsizlikka ega boMamiz. Agar w0*0 bo‘lsa, oxirgi tengsizlik (7)
tengsizlikka ziddir. Demak, w0=0, bundan »{{y=o0, ya’'ni «.r)=vj)
ekanligi kelib chigadi.

6.2. Volterra tenglamalari. Ketma-ket yaginlashish usuli
Ta’rif. Ushbu

NI K(x, y)<piy)dy =f(x) (12)

MK =f(x) +x\K(x,y)9{y)dy (13)
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integral tenglamalarga mos ravishda Volterraning birinchi va
ikkinchi tur integral  tenglamalari  deyiladi. Bunda <P~
noma’lum funksiya, 9 tenglamaning parametri, f(x) - ozod had
I(a<sx<b) kesmada va K(Xy) tenglamaning yadrosi - R(a<>x<b,
a>y sx) Yyopig sohada berilgan deb hisoblanadi.

Volterra ikkinchi tur (13) integral tenglamasini ketma-ket
yaginlashish usuli bilan yechamiz. 6.1 paragrafdagi mulohazalami
gaytarib,

<0( X ) r (14)
funksiyalar ketma-ketligini hosil gilamiz, bunda
M9)=/(). R =/()+IK Gy,
m=ma™/(x)j, N=m\Kxy"
Belgilashlar kiritildi. Bu holda
Y <a

M*)-Po(*) | = *\K(x*y)<Poly)<fy <|AJoUT(x),...,

(15)
tengsizliklarga ega bo‘lamiz.

Musbat hadli =meM,~< funksional qator 4

'r*-oM" n T
parametrning ixtiyoriy chekli giymatida tekis yaginlashuvchi
bo‘lgani uchun (15) tengsizliklarga asosan (14) funksiyalar ketma-
ketligi absolyut va tekis yaginlashuvchi bo‘lib, uning limiti bo‘lgan
?2(X) :|)i>r*rn1’\Cx) funksiya (13) tenglamaning yechimidan iborat bo*ladi.

Endi (13) tenglama yechimining yagona ekanligini
ko‘rsatamiz.

Faraz qilaylik, (13 ) tenglama ikkita 9 va ~(x) uzluksiz
yechimlarga ega bo‘lsin. Bulaming ayirmasi g(X) =x)-"(x>birjinsli

tofx) = X\K(x.y)eo(y)dy (16)
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tenglamani ganoatlantiradi.
m =na{fi}] deb belgilab olsak, (16) dan

15091 £ PRIATGE Y)\OY)\dy < PINet (*-a)
tengsizlik kelib chigadi. Bundan foydalanib (16) tenglikdan
I <NANNK(xyi<s()\fy S P N'm

tengsizlikni hosil gilamiz. Bu jarayonni davom ettirib, ixtiyoriy
natural n uchun

n.
tengsizlikni hosil gilamiz. Bu tengsizlikdan n-¥mda <(¥=o0 yoki
(P=X) ekanligi kelib chigadi.

Shunday gilib quyidagi xulosaga keldik. Volterraning ikkinchi
tur (13) integral tenglamasi, uning yadrosi k(Xy) va ozod hadi /(x)
uzluksiz funksiyalar boMganda s parametming har bir chekli
giymati uchun yagona yechimga ega bo'ladi.

Bu esa Volterraning ikkinchi tur integral tenglamasi har bir 7
uchun ham yechimga ega bo‘lavermaydigan Fredgol’'mning ikkinchi
tur integral tenglamasidan tubdan farq qilishini ko‘rsatadi.

Misol Ushbu

DN
0

Tenglamani ketma-ket yaginlashish usulidan foydalanib yeching.
Ko‘rinib turibdiki,
/X)=x va =L
Endi quyidagi munosabatlardagi ifodalarni hisoblab chigamiz:
O(*)=/(*)=*,
()=)(F)<r= o
0
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va hokazo. Bu ifodalaming hosil boMishidagi gonuniyat ko‘rinib
turibdi. Ulaming vyig‘indisini hisoblasak, izlanayotgan yechimni
hosil gilamiz:

ug\ X X Xv

X) = X —ooeee B +...=Sirix
w 3 89 7

6.3. lteratsiyalangan yadro. Rezolventa.
(2) ko'rinishdagi
F=) KOO (2)

Fredgol’'m ikkinchi turdagi integral tenglama berilgan bo‘lsin.
(7) tengsizlik bajarilganda (8) funksiyalar ketma-ketligi (2)
tenglamaning ,,(*) yechimiga yaqginlashishi isbotlangan edi. Endi shu
ketma-ketlikning har bir hadini batafsilrog o‘rganamiz. Ma’lumki,

<P =Ax) +A\K(x,y)f(y)dy,
so‘ngra

R)=Ax) +a{K(x,Np, ()dt=

=f(x) + X] K Df()dt +/\ K Ddt\ K (,y)f(y)dy.

a a a

Ikkilangan integralda interallash tartibini o'zgartirib,
K2(*>0 = \K( DK(Ly)N
kabi belgilab olib,
<Pr(Y) =fix) +X]K(x.y)f(y)dy + JRIK~x,y)f(y)dy
tenglikni hosil gilamiz. ” a

Bu jarayonni davom ettirib,
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M - n*)+’\Bt2I'K(’\y)/(y)dy (17)

tenglikka ega boMamiz, bunda K(xy) lar
K,(r.y) =K(x.y)>

KXY)Z*(*/)*5,(/ XK, /=23, (18)

rekurent munosabat bilan aniglandi. K,(xy)funksiyalar
iteratsiyalangan (takroriy) yadrolar deb ataladi.
Integratsiyalangan yadrolarni (18) ga nisbatan umumiyroq

K.2Y) 2\KIC DK Iy (19)
formula bilan ifodalash mumkin. Hagigatan ham, (17) da K”\ty)
yadroni yana shu (18) formula yordamida /s-2bilan ifodalab,

K, (x,y) =\K(Xt) \K(t,t1)K,_1(tLy)dtl /1, = |3/ DAULL2K . 202,y)<* ]T:
L

a J aa

tenglikni hosil gilamiz. A 2/2>) yadroni K _3 orgali ifodalash
mumkin va hokazo. Bu jarayonni davom ettirib, oxirida

Ke(xy) =]\ (x Kt 2). X(t by)dtl. cif |

a a

formulaga kelamiz. tr o‘zgaruvchi bo'yicha integralni ajratib, oxirgi
formulani

b fbb
K,(x,y) =[dt, J...JK(x,t)K(tl,t2)...K(t,_,.y)dtl..ilt,_I x
a a

X J. K tr, DK (A I LK (EMy)d e .. dtl t ]

a a J
ko‘rinishda yozib olamiz. (20) formulaga asosan figurali gavs
ichidagi birinchi integral Kr(x,tr) ga, ikkinchi integral esa K_r{tryy)
ga teng.
Shunday qilib,
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KAxY) =K r(x I KA (e y)der

bunda trni t ga almashtirib (19) formulaga kelamiz.

(8) ketma-ketlikning yaginlashishini isbotlangandagi
mulohazalami gaytarib, alix"b, a<Yib kvadratda
f IX KI{xy)
=

gatoming tekis yaqinlashishiga ishonch hosil gilish mumkin.

Bu gatoming yig‘indisi RXy>) ni K(€4) yadroning yoki (2)
integral tenglamaning rezolventasi yoki hal giluvchi yadrosi
deyiladi.

(17) da n-t0oo deb limitda o‘tib, (2) tenglamaning yechimini
rezolventa yordamida

)=Ax) +/NR{xy, X)f(y)dy

ko‘rinishida yozib olishimiz mumkin.

ey a)rezolventa Qa<x<hast<dlh yopig sohada uzluksiz
bo‘ladi. Shu sababli, avvalgi formuladan /(*) bilan bir gatorda (1)
tenglamaning ?(*) yechimining uzluksizligi kelib chigadi.

Shunga o‘xshash, Volterra (13) integral tenglamasining
yechimini rezolventa orgali yozish qiyin emas. Shu magsadda
matematik analiz kursidan ma’lum bo‘lgan Dirixle formulasini
eslatib o‘tamiz.

Faraz qilaylik, /(%) funksiya Xx=y,*=a, y=b to‘g'ri
chiziqlardan tashkil topgan teng yonli uchburchakda uzluksiz
bo‘lsin. U holda g bo‘yicha olingan

J = \\f{xty)dxtfy

integralni ikki usul bilan hisoblash mumkin. Avval X o‘zgaruvchi
bo‘yicha a dany gacha, keyin y bo‘yicha a dan b gacha
integrallash mumkin, ya’ni
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b vy
J =\dy\f{x,y)dx.

So‘ngra y bo‘yicha x dan bgacha, x o‘zgaruvchi bo'yicha a
dan b gacha integrallash mumkin, ya'ni

J =\dx\f(x,y)dy.

a X

Oxirgi ikki tengliklardan
Jdy]f(x,y)dx =\dx\f(x,y)dy

tenglik kelib chigadi. Bu tenglik Dirixle formulasi deyiladi.
(13) tenglama uchun birinchi yaginlashishni

«@,(*)=/(*)+4 K(x,y)f(y)dy

formula bilan aniglagan edik.
Ikkinchi yaginlashish
fco=/ ¢ O tPpft)dt=

a

=f(x) +X\K(x.1) f(t)+3 K(1,y)f(y)dy dt=
a L °

= [1x) +4 K (x,Df(6)dt + X\K(x,)AINK (1,y)f(y)dy

tenglik bilan aniglanadi. Oxirgi ikkilangan integralga Dirixle
formulasini qo‘llaymiz:
}REGHANK(LY)f(y)dy. =)f(y)dy] K(x,DK(Ly)dl

a X

Agar
K2(x,y)=\K(x,t)K(t,y)dt

X

deb belgilasak,
ftW -N1%)+4 K(x,y)f(y)dy+2\K,(x,y)f(y)dy

a a
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boMadi.

Bujarayonni davom ettirib, xuddi FredgoPm tenglamasidek,

”M“/(*)+4e£«:f*'<*>)/00* (20)
tenglikka ega bo‘lamiz, bunda
(*jo=*(*>0
Ka*.* ) =}y * ( * , /=23, ..

Yy

6.2 paragrafdagi mulohazalardan s parametming ixtiyoriy
chekli giymatida

£n "*,(*1*)
i
gatoming absolyut va tekis yaginlashishi kelib chigadi. Bu
gatoming yig‘indisini n(x,y,q) orqgali belgilab olamiz. Bu holda ham
RXxy,A ga (13) Volterra tenglamasining rezolventasi deyiladi.

(20) tenglikda n*x> deb limitda o‘tib, (13) tenglamaning
yechimini rezolventa orqali yozib olamiz:

@ ) =/(*)+ar Ry, X)f(y)dy,

Misol. Ushbu
m(X) =X +%/ - X)u(t)dt

tenglama rezolventa usuli bilan yechilsin.
Quyidagilami hisoblaymiz:
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"2(x,0=%(x-jX-y;("=](x--ijr+J~/ jr\ﬁr:#x-4(x-/ )-(G gky

=}(if-4(x-7)-(f-D]1" =N 1 (x-5>&- | (- A =("_Ai(c_)2j +i”_3j]
NG e
Xuddi shu kabi *3(x/) ni topamiz:

(x,/)=-Ji(x- dl:_TJai]( - R fds=-fe512|

va hokazo. Bulami rkM"NMKA+XMN+AKNX N+, formulaga
go'yib, rezolventani hosil gilamiz:
ro,X)={x-0)Nx $ +~=-sin(x-r)
U holda berilgan tenglamaning yechimi
W(X) =X —%sin (jc- titdt
boMadi. 0 ‘ng tomondagi integralni hisoblab quyidagi natijani
olamiz:
w(jr)=sin X

MisoL Quyidagi tenglamaning iteratsiyalangan (takrorlangan)
yadro yordamida rezolventasi va yechimini toping:

<p{x)-N\xt<p{t)dt =f{x).
0

Yechish: Birin - ketin quyidagilarga ega boMamiz:

* (x./) =X.
*2*/)=xw A =y,

*j(x.05/xw/A=p-,

nr.M-"r-
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Agarda J]<3 bo'lsa, u holda rezolventa

r(xj, X - g.il3j % n teng boMadi. Bundan

foydalanib yechimni ushbu <p(x):/(.x)+ﬂ8-3---$;_|-f(t)dt ko‘rinishda

topamiz.
.
Misol ®- Alsin(x- 2i)fpt)dt=f(x) tenglama ixtiyoriy chekli 1
0

uchun yechimga ega ekanligini ko‘rsating.

Yechish: K{x,t)=sir(x-2t) ekanligidan ikkinchi takroriy yadroni

2t I'2c
Kr(x,/)= Jsin(x- 2j)sin(j- 2i)ds =- J [cos(x+2/- F)- cos(x- | t- j)Ifc =

topamiz 0 20
= jsinm+2~ 4S5 2t~ =

Bu yerdan barcha takroriy yadrolar uchun Kn(x,t)=0 boMadi.
Shunday qilib, rezolventa /X*/)=sm(x-2r) ko‘rinishga ega va yechim
ixtiyoriy chekli J1 uchun ?2(*)=/(*)+ JUsin(X-20)ft)ck bo‘ladi.

0

Bu misoldagi yadro x/€[0,2¢4] kesmada 0‘z - 0‘ziga ortogonaldir.
Olz - o‘ziga ortogonal yadrolar uchun ikkinchi takroriy yadro
k2(xi)=o bo‘ladi va rezolventa integral tenglamaning yadrosi bilan
ustma - ust tushadi.

6.4. Ajralgan yadroli FredgoVm tenglamalari

Ta’'rif. Agar (2) FredgoPm ikkinchi tur tenglamasida ishtirok
etayotgan yadro ushbu

=200 (21)

koYinishga ega boclsa, bunday yadroga ajralgan (o‘zgaruvchilari
ajralgan) yadro deyiladi, a(X) va W lar [a,5 kesmada uzluksiz
funksiyalar.
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Ajralgan yadro uchun (2) integral tenglamani chizigli algebraik
tenglamalar sistemasiga keltirib yechish mumkin. Hagigatan ham,

«*) =/(*) + K= Hu@a
tenglamaga (21) yadroni go'yib, quyidagi ko‘rinishdagi tenglamaga
kelamiz:

® 0=fix) +/LECN (), (22)
bu yerda ¢, =\b(tM)di —noma’lum sonlar.

Shunday qilib, ajralgan yadroli (2) tenglamaning yechimini
(22) ko‘rinishda qidirish kerak. Bu funksiyani (2) tenglamaga
qo‘yib, hosil boMgan tenglikning o‘ng va chap tomonlaridagi L{X)
funksiyalar oldidagi ifodalami har bir > 1,2...n lar uchun tenglab, ct
larga nisbatan algebraik tenglamalar sistemasini hosil gilamiz:

n

a= . +A>»=U2..9,

bu - AAY, p, =ff(bj(Hdt.
Bu sistemani yechib, Cf lami va demak, (2) tenglamaning
yechimi «( funksiyani hosil gilamiz.
Bu usulni n=3 uchun batafsil bayon gilamiz. Bu holda
CJ/—12,3 lar quyldaglcha anlqlanadl

BoMor-C,. | -, \IfB(t)L(t)ct=C3
i (23)

Bu integrallardagi ¢/~ funksiya noma’lum bo‘lgani sababli,
C,.c, va Q lar ham noma’lum sonlar bo‘lib, ulami topish talab
gilinadi. Shu magsadda (23) ni (22) ga n=3uchun go‘yamiz:

<x) =f(x)+MIX)C +/LL*)C, +Az)*)Q. (24)
(24) ifoda yordamida (23) tengliklaming birinchisini
0'‘zgartiramiz:
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b b
C, =Jft,(0»(0<* =Jft,(01/(0 +A.(OC, +18,(0C, +A,(1)C]N=

=/*,(0/(01+[C,14,(0a, (ON +0Cr16,(r)o, ()1+AC,I 4 (0% (0A-  (25)

0 ‘ng tomondagi anig integrallar o‘zgarmas sonlar bo‘ladi va
ulami quyidagicha belgilab olamiz:

pmn=n, [61/)adyi/ =ol(
16,(0 (0 <=au, Jb(t)ay(t)dt =a,, .

U holda (25) tenglik
Q = 4 +IClall +JC2I2+ACRI3
ko‘rinishiga keladi. Bundagi C;Q,Q noma’'lum sonlami o'z
ichiga oluvchi hadlami tenglik ishorasining bir tomoniga
o‘tkazsak,
(-Aau)Q-/U2>-/LT, =4
uch noma’lumli chiziqli algebraik tenglama hosil bo‘ladi.
Shunga o‘xshash yana ikkita algebraik tenglamani Kkeltirib
chigarish uchun (23 ) tenglamalaming ikkinchi va uchinchisiga

murojaat gilamiz:
»
C2=0»2(0"(0<* =j62W (/(0+".(0C, +Aa,(/)Cr +/UMOC||]<*=

:Bbr(on 0dl +p,c:,g)i2(o 0, ()< +p,c:,glft(0a, (o<*+,qc,q¢ft,(|)a, (0*.

Bundagi integrallami quyidagicha belgilaymiz:

jft,(0/(0<* = Ji,(Oa,()rf/ =a,,,
a a
& A
jOAj(/)aZ(/)<//=ant \2(t)ad(t)dt =au .
U holda
Q +AC\a2|+ACA22+ACia B
yoki

/UL +(1-/U2C2 =
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hosil bo'ladi.
Xuddi shuningdek,t()23) dan:
b
O =jbXtu®)dt =1 v/ (0 +M O K +A2(/)C2+Hay(OCC /1
Buni ham yuqoridagilar kabi o‘zgartirsak, ushbu

— JaxCz+(1Jap)G=A3

natija hosil bo4adi; bunda
\b,{t)f(i)dt = A, fhq)a,(t)dt =

Shunday qilib, biz C,larga nisbatan quyidagi chizigli algebraik
tenglamalar sistemasini hosil gildik:
(I-Aan)Ct-/TaZ2-NanC3=A
- No2C, +(1- Jln)C2- /enCy =2 (26)
-AadC, -AanC2+(1-AaBC3=A3
Bu sistemadagi 4 lar va lar ma’lum sonlardir, chunki
ularga mos integrallar ishorasi ostidagi funksiyalar masalada

berilgan boMadi.
Endi (26) sistemani oliy algebradagi Kramer formulalari

yordamida yechamiz:

Bu formulalarda

I-Aa,, -Aaa
D— 1 Al “ 23 (28)
Ay 1~
Ma’'lumki, o.ni topish uchun (28) determinantda birinchi
ustun elementlari o‘'miga (26) dagi ozoc*hadlami go'yish

kerak, D2 va A lar ham shu usulda topiladi. Shuni ham ta’kidlab
o'tishimiz zarurki, (26) sistemadagi 4 ,Ar,Aslaming kamida bittasi
noldan fargli bo‘lganda, (28) determinantning noldan fargli

bo‘lishi shart.
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Demak, @ parametming D determinant™ nolga
aylantirmaydigan  hamma qiymatlari uchun (24) ko‘rinishdagi
yadroli (2) Fredgol'm tenglamalarini shu usulda yechish mumkin
ekan. Shubhasiz, bu masalada ishtirok etayotgan barcha integrallar
mavjud deb faraz qilinadi.

Misol. Ushbu tenglama yechilsin:

u{x)=x2 +k\:§\ +xt)u(t)dt.

Bu misoldagi 4 parametr umumiy holda berilgan bo‘lib,
Kxt)=\tt yadro yuqoridagi (21) ko‘rinishda ifodalangan.
Tenglamaning o‘ng tomonidagi integralni ikkiga ajratib,

i [ |
J(I +xnu)ydt =Ju@)dt + X] tu(t)dt
tenglikni hosil gilamiz.
So‘ngra quyidagicha

Q- \u(t)dty c2=3/mn
0 0
kabi belgilashlar kiritamiz. U holda berilgan integral tenglama
u(X) =x2+H1C, --AQX
ko‘rinishida yoziladi. Noma’lum funksiyaning bu ifodasidan
foydalanib, ¢, bilan C2ni hisoblaymiz:

yoki
- AC, - —AC2=—

Xuddi shuningdek,

yoki
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y<1C, H1-|mC2=¢

Shunday qilib, quyidagi chizigli algebraik tenglamalar sistemasi
hosil bo‘ldi:

(1-N)C,-|nC.=+

1-]4)c2=1
Bu sistemaning yechimini Kramer formulalariga asosan
yozamiz:
Cc " Dl [ - H;—
Bu yerda
-9 --4
D =—(>P-165+12)*0
noa 1a
3 2
I 1--U
4 3
1-9 2
0 12(3 A).
7 1
Demak,
A+24 3-4
D ~6 &*- 164 +12" ~2~ D “ A -16A +12

Bulami izlanayotgan noma’lum funksiyaning yuqoridagi
ifodasiga qo'yib, uni quyidagi ko‘rinishda yozamiz:

8\(____8 ﬂ(ﬂ+24)
Vod=aed+ N 16ﬂ+12 6(s12-16 4 +12)

Bu esa berilgan masalaning yechimidir. Yechim ifodasidagi
kasrlarning maxraji nolga teng bo‘Imasligi uchun s parametr
JP-161+12=0
Kvadrat tenglamaning ildizi boMmasligi shart, ya’w/*8+2n/3.
Xususiy holdas=2deb faraz gilsak, yechim quyidagicha yoziladi:
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/\ i x B
s 24

Misol. Ushbu tenglama yechilsin:
X
u(x) =f(x) +A jcos(x +t)u(t)dt.
0
Ma’'lumki,

cos(X+t) =cos reost - sin Xsint
va demak, tenglamani
T T
U(X) =/ (icy +HAcos*Jcostu(t)dt - Asinjedsin tu(t)dt =

0 0
=fix) +Acobx C, - A6LnC2

ko‘rinishida yozish mumkin; bunda
ol =3005/m(0<*, C2 =?](sinﬁ/(/)<ft
(o] 0
Bu integrallarda WYo o‘miga uning yuqorida olingan ifodasini
go‘yamiz:

C. :%oost[f(mmos/c - AsntCT]d( =

X X XK
=Jcos tf(t)dt +4AC, Jcos2tdt - AC, Jcos Zesin tt.
0 0 0

Integrallaming giymatlari
Jgos* At = Bos tesinidt =0.
bo‘lgani uchun birinchi tenglama
(I--y-)C, -A
koYmishda yoziladi. Bu yerda
J'I:%cos N
Xuddi shu usulda c,ni izlaymiz:
Cj :»|(sin/(/(/) +5cos /G, - AsintC2)dt =
o]

=Jsintf(t)dt - JICsin2tdt +5C, jcos t «sin Aft;
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bo‘lgani uchun

bu yerda
B =A\wtf(t)dl
0

va demak,

Izlanayotgan yechim quyidagidan iborat:
_ 203X o 2asina
W =109+ 5= A B
Bu ifodadagi kasrlaming maxrajlari nolga aylanmasligi uchun
n*iﬂ—boMishi kerak. Xususiy holda, agar* =i, g Y=ndeb olsak,
Az?tcostdt =-2, Bz?tsintdt -X
[o] [o]

bo'lib, yechim uchun quyidagi ifoda hosil bo‘ladi:

Mustaqil bajarish uchun misollar

a) q:®=ﬂl)/:(x>yMy)’\+/(x) integral tenglamani quyidagi hollar
uchun yeching:

1. K(x,y)=x-1, /(X)=X.

2. K{xy)=2e*y, f{x)=e\

3. K(xty) =x+y-2xy,AX)=x+"-

b) FR=/IKXY)PYES>AY) integral tenglamani quyidagi hollar

-l

uchun yeching:
4. Kxy)=x>n-S/, /{x)=x1+x\



6. KXYy)=xn+5x?y, A*)=x2-x A

7. KOy)=2x/+5x\ f[x)=7xi +3.

8. K(Xy)=x2-xy, /{X)=x2+x.

9. K(xy)=5+4xy-3x>-3/ +9nr/,

c) ’\(x)=nvirax,’\ (™ +/(x integral tenglamani quyidagi hollar
(o]

uchun yeching:

10. /r(x.y) =sin(2x +y), f(x)=n-2x.

11. /f(x,.y) =sin(x-2v) >/(x)=cos2x

12. K(x,y) =cos(2x +y) s /(x)=sinx ¢
13. A(x,.y) =sin(3x +j") , /(x)=cosx.

14, K(x,y) =siny +_yoos X, /(w*)=1- = -
15. K(x,y) =Co£(x-y), Z(x)=1+cos 4x .

d) <p(x):n\0K(x,y)<p(y)4y+Ax) integral tenglamani quyidagi hollar

uchun yeching:

16. K@eY) =cosxmosy +cos2xcos ly%  f (X) =cos 3x
17. K(X,y) =cos xecosy +2sin 2x -sin 2y, f (X) =cos x
18. K(**Y) - sin xsiny +3cos 2x *cos 2y, /(x) =sin x

e) Quyidagi integral tenglamalaming barcha xarakteristik
giymatlarini va shu xarakteristikalarga mos funksiyalarini toping.

19. p(x) =Njlsin(x +y) +

23. M) =Al (sin x mein Ay +5sin 2x ¢sin 3y +sin 3x *sin 2y +sin 4x *sin y)tpfy)dy>
0
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24, a va b parametrlaming qganday qiymatlarida quyidagi
tenglama yechimga ega va shu qiymatlardagi yechimini
toping:

PR =12Nty- **  +~P(y)dy +axl +bx~2?

25. a parametming ganday giymatlarida quyidagi tenglama
yechimga ega:

~x) =Mﬁj(£y(4xz -3x)+x(4yz - JYN\>(y)dy +ax X
26. A parametming qa_rllday giymatlarida
) =1 % cos(2x - Y)<py)dy +f(x)

integral tenglama har ganday /(X€cdu*])uchun yechimga ega, shu
yechimni toping.

g) Barcha sva ozod hadga kiruvchi barcha a, b, ¢ parametrlar
uchun quyidagi integral tenglamalaming yechimini toping:

27. p(x)=ﬂ_>ig\sinx +oos>0pOply +ax +*

28. 0>(x)=ﬂ\(])cos(x +y)<py)dy +asinx +b

29. o) = 11 “Hxy)<pfy)dy tax1 +bx +C

30. ) =A{1(xg/ “xy1)<p(y)dy +ax +oxl

31. <p(x):A£‘jX{xy'|'xly2)<p{y)dy-|-ax+b

32. O =] "S(xy)™ +H ()Y Py +ax+HX
33. ) =nh’;’; <ply)cy tax+be

34. P(X) =AJ GA-R\[y)p{y)dy +axl +bx +C
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35. DAY =5 | (Xy +x2+y 2- 3x%y2)<Hj)d}>+ax +b
t

36. K(xy) yadroning xos sonlarini va ularga mos keluvchi
xos fiinksiyalarini toping va barcha n,a,b,.clar uchun quyidagi
tenglamani yeching

1. K{x,y)*bx+xy~5" / , /(x)= ax .

2. AT(x,jv)=3ixy+5xy, f[x)=cu? +bx.

37. A'(jc,>)yadroning xos sonlarini va ularga mos keluvchi xos
fiinksiyalarini toping va barcha n,a,b,c lar uchun quyidagi tenglamani
yeching:

B =113 K(x,y)<p(y)dy +/(x)
1. K(x,y) =xcosy +sinx, /(x)= 0+Acos X .
2. K(X,y) =xsiny+cosx, /(x)=ax+b.
/) Quyidagi integral tenglamalami yeching va a(Xy,n)
rezolventasini toping:
[
38. 909 =/ljsin(x +Y)<p(y)dy +f(x)
-l
39. |0(X)=9lJI (- y+2x)<py)dy +/(x)
40. <p(x)=F|yi(xsiny+cosx)<p(y)dy+ax+b
T
2
41. X) =FIJ0(sin xsiny +sin 2xsin 2yy)<p{y)dy +/(x)

p) Har ganday s parametr uchun quyidagi integral tenglamalar
yechimga ega bo‘ladigan abC parametrlaming barcha giymatlarini
toping:

1

42. bty =A’|‘(xy +X3 <ply)dy +ax2-+Hox +¢

43, <;1)9:n*_(\+>§b<mbcy+ax2+bx+c, bu yerda a2-+b* +Cr- 1.
4

44, d ) =n\-]1=<p(y)dy+x2+b
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| 1
45, (0164 =X{\(xy--,‘§q>(y)dy +ax| -bx +i
-i

i

46. DX =Aj (x+ +ax+b +1
i
>

47. >(X) =A%:05(2x +ayNy)fify +e"4
1

48. ?2(*) =a| (sinxsin 2y +sin 2xsin 4>)pO")®' +ax1 +&+c
-i

[
49. $209 =AJ(I +x2 +")<p{y)dy +ax+bxi
-i

q) Quyidagi integral tenglamalaming xos sonlarini va ularga
mos keluvchi xos funksiyalarini toping:

50. (%, X)) =AJ jjx, +X2+" @ +y2 ,y 2)dyydy?
51. FX :AII:]Pg Ix]12 +bI2)pO"dax =(X,,Xr)

52. p(x)=a f “ i)-"‘O‘)<6,,x:(x,,xj,x3)
W+ x
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7-BOB. ELLIPTIK TURDAGI TENGLAMALAR

Ushbu bobda elliptik turdagi tenglamalar hagida umumiy
ma’lumot berilgan bo‘lib, ularga qo'yilgan korrekt masalalami
yechish o‘rganilgan. Mavzuga doir mustagil yechish uchun misol va
masalalar keltirilgan.

7.1. Umumiy iushunchalar vafundamental yechim

Issiglik maydonlari (sterjen) qaralganda, bu maydonlarda
issiglik targalish masalalari ko‘rilgan edi. U maydonlar statsionar
boMmagan maydonlar boMib, issiglik tarqgalish jarayoni vaqtga
bog‘lig edi.

Endi issiglik targalish jarayonini statsionar deb garaymiz, ya'ni
vaqt odishi bilan maydondagi temperatura o‘zgarmaydi. Bunday
maydonlar statsionar temperaturali maydonlar deyiladi.

a) Bir jinsli sterjenda issiqlik targalish jarayoni statsionar
bodsin, u holda issiglik tarqgalish tenglamasida ~-=0 bodlib

tenglama
§=0 (1)
ko‘rinishga keladi.
Agar sterjenga doim issiqlik manbalari ta’sir etsa, tenglama
AN

v =~g (2)
ko‘rinishda bolladi.

b) Birjinsli membranada issiglik tarqgalish jarayoni statsionar
bo'‘lsa, issiglik targalish tenglamasi
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ko‘rinishda yoziladi. Agar membranaga doimiy issiglik manbalari
ta’sir etsa, tenglama
AN 4H /M
a?V =g (4)
ko‘rinishni oladi.
c) Bir jinsli qattiq jism uch o‘lchovli fazoda qaralayotgan
bo‘lsa va unda issiqlik targalish jarayoni statsionar bo‘lsa, u holda
issiglik targalish tenglamasi

AM LN A4 /c\

(5)

bo‘lib, agar unga issiglik manbalari ta’sir etsa, tenglama ko‘rinishi
da da da /n\

(6)

kabi boMadi.

Yugorida yozilgan (1), (3), (5) tenglamalar mos ravishda bir,
ikki, uch oMchovli Laplas tenglamalari deyiladi. (2), (4), (6)
tenglamalar esa bir, ikki, uch odchovli Puasson tenglamalari
deyiladi.

S sirt bilan chegaralangan gandaydir D sohani garaylik. D soha
ichida u(x,y,z) temperaturaning statsionar targalish masalasi
quyidagicha go'yiladi:

D soha ichida Au=/(xy,=) tenglamani va quyidagi chegaraviy
shartlardan bittasini:

l. =/, S da (birinchi chegaraviy masala)

1. ErI(I:/ , S da (ikkinchi chegaraviy masala)

Il d—n+k(u- /3)=0,S da (uchinchi chegaraviy masala)

ganoatlantiruvchi u(x,y,z) funksiya topilsin, bunda keyingi
tengliklarda n- S sirt o‘tkazilgan normal, h- berilgan doimiy son,
YI>BA - berilgan funksiyalar.
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Laplas yoki Puasson tenglamasiga qo'yilgan 1-chegaraviy
masalaga Dirixle masalasi, 2-chegaraviy masalaga esa Neyman
masalasi deyiladi.

A orgali 2-tartibli xususiy hosilalaming quyidagi differensial
operatorini belgilaymiz:

"o
A=hikT-
Ushbu a differensial operator Laplas operatori,

“ttdx; —° (?)

tenglama - n o‘lchovli Laplas tenglamasi deyiladi.
(7) tenglamaga mos kvadratik xarakteristik forma quyidagicha

aniglanadi:

a-|

bE
va bu forma fazoning hamma nugqtalarida musbat aniglangan.
Bundan esa (7) tenglama LJ,fazoda elliptik ekanligi kelib chigadi.
Ta’'rif. 2-tartibli uzluksiz xususiy hosilalarga ega bo‘lgan va
Laplas tenglamasini qanoatlantiruvchi (ya'ni uning yechimi
boMgan) u) funksiya garmonik funksiya deyiladi.
xva £o0‘zgaruvchilaming funksiyasi bo‘lgan quyidagi funksiya
ham jc ham £ bo'yicha Laplas tenglamasini ganoatlantirishini
to‘g‘ridan-to‘g‘ri tekshirish mumkin:

« , ) « n>2- (8)
[- W- XI! n—,
bu yerda, &=V ( f ] Hagigatan, x*z
boMganda (8) dan quyidagini olamiz:
=" - 4 - (9

(9) ni etib (8) ga go‘ysak quyidagiga ega bo‘lamiz:
-A Xfe- XY =0e
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BExE) funksiya X va £ o‘zgaruvchilarga nisbatan simmetrik
boMganligi uchun, bu funksiya £*x o'zgaruvchi bo‘yicha ham
Laplas tenglamasini ganoatlantiradi.

(8) formula orqgali aniglangan £(*£) funksiya Laplas
tenglamasining elementar yoki fundamental yechimi deyiladi.

n=3 bo‘lgan holda fundamental yechim x (yoki £) nuqtada
joylashgan birlik zaryadning potensialini bildiradi.

Masala. w=w(x,.. cJgarmonik funksiya berilgan ﬁr@An:Z)

funksiya garmonik funksiya bo‘lish yoki bo‘lmasligini tushuntiring.
Yechish. vfc,*)=—e+«—  belgilash kiritamiz. Garmonik

funksiya ta'rifidan foydalanamiz. Funksiyadan o‘zgaruvchilar
bo‘yicha ikkinchi tartibli xususiy hosilalami olamiz:
X, xl) du du+ du 1 ~u
(0%} ] de de dkde & dedk 9
32(x,am) du dJ+2’\L Ui —
A ARAK K Kkde & apd
Laplas tenglamasini ganoatlantirishini ko‘rsatamiz,
_dA(x,,xi), . dv(x du du ~d2u du di_diu_,
AV_""é{X» '""ck{xatcb«de & Hde K dedk
+d & M + d _du(du[ dd \"u( du (d duj”
a? & dx ckdz de dxde defax3 dxdel dk (d~d2, d%\ aeg
t2 pv (o[ g2n_cdu dfogd |d2n M d fdu 2™ d (da a2
dkdeldr2 o)) de dk[dx2 dA\J & dr2[dr2 &)  dxdx [dx2 o]

masala shartiga asosan

du du n
~NR ~

bundan » I\42’\ +d &}’\ =0) ya'ni Av=o0. Demak, berilgan funksiya

garmonik.
Masala. g Hege2berilgan funksiya garmonik bo‘ladigan K

doimiyning giymatini toping.
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Y echish. * x,)=*3+kxX belgilash kiritamiz. Garmonik
funksiya ta’rifidan foydalanamiz. Funksiyadan o‘zgaruvchilar
bo‘yicha ikkinchi tartibli xususiy hosilalami olamiz:

821(x},XT) AM(xlrx2) ~

ax2 " ax2 1

Laplas tenglamasini ganoatlantiradi, ya'ni
d d
AT

6x, +2Ax, =0,

bundan

k=-3.
Demak, *=-:3 boMganda berilgan funksiya garmonik funksiya
bo‘ladi.
Mustaqil bajarish uchun mashqlar
1. Laplas operatorining quyidagi koordinatalar sistemasidagi
ifodasini toping.
a) egri chizigli koordinatalarda

b) qutb koordinatalarida
X —f cos iy =rsin P
c) silindrik koordinatalarida
X - rcos <py=rsin <pz=2
d) sferik koordinatalarida
X - I'sinVcos Yy =rsinvsin Pz =rcosun
e) yassi sferoidal koordinatalarida
x=chsin gy = -1X1-72).z =& cosp.

2.M=w(xz=.xfligarmonik funksiya berilgan quyida yozilgan

funksiyalardan qgaysi biri garmonik funksiya bo‘lish yoKi
bo‘Imasligini tushuntiring.
a) u(x+/?),A=(",.../")-doimiy vektor;
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b) ./(/u”~-skalyar doimiy;
c)u(cx),c - doimiy ortogonal matrisa;

du du
d>s r v *
y du du
e) AN ./\.n>2;
oo du o du odu
O X]'cor,r -lﬂ-zaxg+)6;|:<-}> _3’
) )ﬂ%ﬁj-*r'ﬁﬁ’m‘(b
4 - aw du, .
H) Xla_XZ-XIC_tt, th=2;
du
[ r— ZA— T,n=2
fcHs)
1 W *

3. Quyida garmonik bo‘lgan funksiyalar berilgan.
doimiyning giymatini toping.

a) *3+™4 ;

b) xt+Hog;

c) ek,

d) sin Zxxhkx

e) QW =M<

4 .Ujr,y)funksiyani garmonik deb faraz qgilsak, dJ):%

funksiyaning analitik bo‘lishini ko‘rsating.
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5. uxy)=re/(r), ya'ni uxy)funksiya /(z) funksiyaning
hagigiy gismiga teng bo‘lsa, D sohada egri chiziq integralidan
foydalanib, zoning analitik bo‘lishini keltirib chigaring, agar:

5.1. u=J-3x7?.

5.2. M=e*siny.

5.3. u=sinxchy .

6. ux—vy =0, Uy + vx = 0 Koshi-Riman tenglamalar
sistemasidan foydalanib, u(x,y) funksiya bilan qo‘shma garmonik
bog'langan v(x,y) funksiyani toping:

a)

b) u(y)=eys\nx;

c) u(x,y) =shxsin y\
d) u(xry) —ehxcos m\
B) u(jry) =slix cosy;
f) u(x,y) =chxsiny.

7. Koshi-Riman tenglamalar sistemasidan foydalanib, u(x,y)
garmonik funksiyani toping:

a) W(xy)=3x¥ -yi;

b) w(Xk)=excosy,

c) W(xy)=exsmy,

d) W(X,Y)=Xr-yr+x+y,

e) w(X,y)=xy+x7-y\

8. Agar:

a) w=ercosz-2y,

b) ux=shxco$z+2xyt

C) w -X? +6xz+X]

d) u. =ex{xcosy-ys\ny)+7z.

bo‘lsa, w u(xyypgarmonik funksiyani toping.

9. Agar:
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a) W(x.y)=yi-3x%i

b) w(x,y)=eycosx;

c) w(xy)=shxsiny,

d) w(x,y)=ch&my,

e) MWXY)=xy.
bo'lsa, u(x,y) garmonik funksiyaga bog'liq bo‘lgan v(x,y)
funksiyani toping.

7.2. Chegaraviy masalalami doirada va doira tashqgarisida Furye
usuli bilan yechish
Doira uchun Dirixle masalasi:
D={p2=x2+y2<a2)doirada
aAn=o0 (10)
ikki o*lchovli Laplas tenglamasining
N =/
(11)
birinchi chegaraviy shartni ganoatlantiruvchi yechimini topish
masalasini ko‘raylik, bu yerda f berilgan funksiya.
Dastlab S={x2+y2=a2} aylanada /eC 1 deb faraz qilaylik
(keyinchalik bu shartni olib tashlaymiz).
Markazi doira markazida boMgan (p,<p) qutb koordinatalar
sistemasini kiritamiz. Unda (10) tenglama

a, = >,i|L 0 12
p- dp{ 0I|O?>f (12)

ko‘rinishini oladi.
(12), (11) masalani  o‘zgaruvchilami ajratish  usuli bilan

yechamiz ya'ni (12) tenglama yechimini 7)) =<0
ko‘rinishda izlaymiz. Bundan esa

d tieh) D=0 df>*o (13)
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(p)** M >

tenglamani  hosil  gilamiz.  (13) tenglamaning  yechimi
<A AABsMYip bo'lib, bu yerda aB ixtiyoriy o‘zgarmaslar.
Ko'‘rinib turibdiki, V burchak 0 dan 2n gacha o‘zgarganda bir
giymatli wp<pfunksiya yana o‘z giymatiga qaytishi kerak, ya'ni
up9 +2¥=ufp<pyechim davriy bo‘ladi. Bundan esa d™+29) =d«)
ham davri 29 bo‘lgan davriy funksiya boMadi. Bu esa fagat //a=n
-butun son bo‘lsagina mumkin va

dn(< = Ancosri(p+Bnsinnq

Endi/?(p)funksiyaga nisbatan Eyler tenglamasi hosil boMadi,
uning yechimini /~”~ko'rinishda izlaymiz. Buni (14) tenglamaga
go‘yamiz va p*ga qisqartirib, nr-pryoki P=xn(p>0) tenglikni
olamiz.  Demak R(p) =Cpn+Dp~" bunda c,d- ixtiyoriy
o‘zgarmaslar.

Agar d*o bo‘lsa P-+t0 da w=m07)d(P-*®va upPfunksiya
sohaning ichida garmonik boMmaydi. Shu sababli, agar ichki
masalani garayotgan boMsak B(p)=Q/ya’ni p=n deb olish magsadga
muvofiq bo‘ladi. Shuningdek, tashqi masala uchun
rp)~dp-\ «=-n) deb olish kerak, chunki tashgi masalada
yechim p » chegaralangan boMishi kerak.

Shunday qilib, ichki va tashgi Dirixle masalalarining xususiy
yechimlari mos ravishda P <abo‘lganda: un(p<p=0 (Ancosrup+Bnsm)
va bo‘lganda:  un(pt(p)-pnfAtcosn<p”Bns\im(p) bo’ladi.

Shuni ham ta'kidlash lozimki, P=o nuqtada (12) Laplas operatori
ma'nosini yo‘qotadi. Biz Aun=0 tenglik,P =oda ham bajarili ishni
ko‘rsatish  uchun ff cosp va pmWp  xususiy  yechimlar
prekt =(pe™Y =(x-Hy)nflunksiyaning  haqigiy va mavhum qismlari
ekanligidan foydalanamiz. Bu xva Yy ga nisbatan ko‘p had bo‘lib, P>0

da Aw=0 hamda uzluksiz ikki marta differensiallanuvchi bo‘lgani
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uchun p=o da ham Aw-0 tenglama chizigli bo‘lgani uchun bu
xususiy yechimlar yig‘indisi ham mos masalalar yechimi boMadi:

Q . o
u(p,(p)z%p"A(,,cosn<p+anmﬁga ichki masala uchun;

P
u(p,<p)=nY:§P~n(Ncosn<p+B,, sinrkp) tashgi masala uchun.

Ai va B, koeffisiyentlami aniqlash uchun (11)
chegaraviy shartdan foydalanamiz:
<p)=£0a"(n cos rkp +Bn sin rkp) =f(<p) (15)

va f{<p)funksiyaning Furye qatoriga yoyilmasini yozamiz (uni
mavjud degan faraz bilan)

/() =T- +1(Bn1$3" H1wa?) 06)
bu yerda -1 \fW)tosn\f/ dy (,, =02....),
17)
P. dy/(h=0,12,...) (18)

(15) va (16) gatorlami tenglashtirib, ichki masala uchun:

tashgi masala uchun esa

giymatlami topamiz.
Shunday qilib, doirada Dirixlening ichki masalasi uchun

“W b V4 Xrﬁ(,\]\/(*"cosw\ﬁﬂ, sinii’Y) (19)
yechimni, tashgi masala uchun esa
s/ V
"p)=nr g ps (Sho0STPT sinnip) (20)

yechimni hosil gilamiz.
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Bu funksiyalar hagigatan ham izlanayotgan yechim bo‘lishini
ko‘rsatish uchun, ulami hadma-had differensiallab, hosil bo‘lgan
gatorlar ham yaqginlashuvchi bo‘lishini hamda chegarada uzluksiz
boMib, chegaraviy giymatni gabul qilishini isbotlash lozim bo‘ladi.
(19), (20) gatorlami bitta ko‘rinishda yozib olamiz:

B
u(p><p=YH't”(«,, cos p+pnsinrup)+-2-(21)
A1 (pina- idhk),
—£1 (p >a—tashqi),
=]

an, pnlaresa /(")funksiyaningFuiye koeffisiyentlari.
(19), (20) gatorlami /<l bo‘lganda istagancha differensiallash
mumkin. Qatoming umumiy hadi«n=tn{ancos np+p,, sin NP ni
garaylik hamda uni 9 bo‘yicha kmarta differensiallaymiz:

=t"nk &,co™+-yj+ /7, sin*np+yj

Agar \a\<M Yo\<M desak, quyidagi bahoga ega boMamiz

du <ren 2M

Birorta p0<a (ichki masala uchun) va /2=—>p (tashqi masala
Po

uchun) giymatlami fiksirlaymiz, bunda ,O=%|<i bo‘ladi va ushbu

gatomi garaymiz .\ o (* </o)

Ko‘ramizki, bu qator ixtiyoriy chekli K uchun t<tO<\ bo‘lganda
yaqginlashadi. Shuning uchun (19), (20) gatorlami mos ravishda
ichki, tashqi nuqtasida kmarta differensiallash mumkin.

Xuddi shunga o‘xshash ko‘rsatish mumkinki, (19) va (20)
gatorlami pQ<a va p{>tf(doiraning ichi va tashqgarisida) mos
ravishda po‘zgaruvchi bo‘yicha ham istagancha differensiallash
mumkin. Fiksirlangan a ning ixtiyoriyligidan esa (19) va (20)
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gatorlami doiraning mos ravishda ichki va tashgi nugtasida
differensiallash  mumkin bo‘ladi, hadma-had hosila olish
mumKkinligidan esa, superpozitsiya prinsipini qoMlash o‘rinli
ekanligi kelib chigadi. Demak, koeffisiyentlari (17) va (18)
formulalar bilan aniglanadigan (19) va (20) funksiyalar (10)
tenglamani va (11) chegaraviy shartni mos ravishda doiraning
ichida va tashqgi sohasida ganoatlantiradi.

Masala. pr+y2=r2</2 doirada Dirixle masalasini yeching:

A{xy) =0, 0 £r<R,

<x,y)=g(*y), =R

bu yerda, g(xy)=2xz-x-y.

Yechish.  Yechim (19) oqator ko'rinishida  bo'ladi,
koeffisiyentlari (17) va (18) formulalar yordamida aniglanadi. g(Xy)
funksiyani  qutb  koordinatalar  sistemasida yozib  olamiz:
grP=2r2ccE<prosPprsip  va =R dag=2R? coi pREpRINKp
boMadi.

a2=—J)"2/Tcos' ~-flcosy'-.Rsm

Qolgan barcha koeffisiyentlaming qiymatlari nolga teng.
Topilgan natijalami (19) gatorga qo'‘yib, berilgan masalaning
yechimini olamiz:

u(r$>)=—+Y I —1(@_cosmp+ sinn<p) =R2-r cos<P +r 2052<p-rsin <



Oxirgi tenglikda dekart koordinatalar sistemasiga o‘tamiz va
masalaning yechimini olamiz:
I™X,Y) =N -XHR-y 2~y
Masala. a<r<&osos2ahalga ichida quyidagi uf)chegaraviy
masalalaming yechimlarini toping: gl>=o «(0) =r, =1
Yechish. Bir odchovli holda Laplas tenglamasi quyidagicha:

Tenglamaning yechimi: «(r>=c, inr+c2. c,.c, lami chegaraviy
shartlardan topamiz:
u@=c, Ina+Cc2=T
u(b) =Cx\nb+C2=U

Demak, yechim quyidagicha:

boMadi.

10. *+?=*<# doirada Dirixle masalasini yeching:
Au(xy) =0, 0 <r <R,

u(y) =g(xy), r =R
Bu yerda:
a) j
b)g(x,y)=2(x2+>));
c)d(ac,N=4y;
d) obay)=xI-1y 2
e) g(J>)=4r
f) «(*>) =£+/ +
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g) $fay)=20-x-y.

11. S+/ =r2<R* doiradan tashqarida Drixle masalasini yeching:
Au(xy) =0, R<r <o,
<xty) =g(x,y), r=R MxYy)I<c
Bu yerda:
a) g(xy) =y+2xy;
b) g(x.y) =ax +by +c;
¢) 9(x.y)=S-y2
d) gtx,y)=x2+1;
e) g(xy)=yl-xH
O
9) g(xy)=2x2-*+y.
12.0:2+y2=/2</?2 doirada Puasson tenglamasiga qo‘yilgan Drixle
masalasini yeching:
Au(x,y)=f(xty)fi<r<Rr,
u(x.y)=g(x.y).r =&
Agar:
a) =

b) f(x,y) =x,9(x,y) =0;
¢ f(x,y)=~lg(x,y)=Y">

d) f(x.y)=y.g(x,y)= 1§
e) f(x,y) =4,9(x.y) =\
13.x?+/=r2<If doirada to‘g'ri qo‘yilgan Neyman masalasining
[C»¥)-0, 0£r<R,
du(x,y) _ r =R bajarilish shartini toping.
dy
Agar:
a)g0>")= A
b) gfcy)=2xr+n4
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c) «(*.A =2y,

d) g(x.y)=A)?-B;

e) gfcy)=Af+B)?+y.
boisa, to4y'ri go‘yilgan masalaning yechimini toping, bu yerda
A.B - doimiy.

14 x2+Y -r1<J™ doira tashqgarisida g(x,y) funksiya uchun to‘g'ri

go'yilgan Neyman  masalasining  yechimini
D(>)=0, R<r<am

toping
gy =SS r=A lhyl<o
Agar:

a) g(x,y)=y2-4

b) g(x¥)=x1+Ay-B;

0 g(x,y)=2xy- Ay +B,

d) g{xy)-x2- Ay2+B,

bo‘lsa, masalaning yechimini toping, bu yerda A,B - doimiy.

15.Agar quyidagilar berilgan bo‘lsa, K:o<r<no<p£n doirada
UR<PURP=K<p shartni ganoatlantiruvchi u(ryp)eC\K) garmonik
funksiyani toping, bu yerda o<, <r,

a) /(?) =sin\
b) 7(?) =cs A
c) f{(p)~coi (p+C\
d) H{<p) =sin 2p+cos 3
e) f((p)/=Acof (NI
f) f((p)=s\np-3coi (p+Q
bu yerda A,B,C - doimiy.
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16.K:0urns,0 ipimdoira tashgarisida Mn.9)-Unl?) =A?>> shartni
ganoatlantiruvchi  ur,<eCACK) garmonik funksiyani toping, bu

2
yerda o</ <R JRtp=0

a) /(p) =3sin 2\
b) /(~)=5sirt>-4
c) /(") =sin3(p+2;
d) /($?)=sinp+3co”-;
e) fk<P) =sino»+cos A\
A —doimiy
yj &u(xyz)=0
u(xy,Q) =g(x,y), uz(x,y,0) =h(x.y)

Laplas tenglamasiga qo‘yilgan Koshi masalasini yeching.

e ]

(Ko rsatma: »W =g(-D* " L5 AMX e, X_,)

formuladan foydalaning, bu yerda
shartda berilgan funksiyalar.)
Agar:
a) g&y)=x+2y=>h(xy)-2x-yr\
b) gix,y)=xe\lix,y)=0;
€)  g(x.y)=xy+x\liry) =ex+y,
d) s5(*.Y)=xsinyM*,y)= cosy;
e) g(X,y) =+ ZKW )=2x2-35
o g(fy)=cos2x,A(X,y) =X -2sinz2y;
bo‘lsa.
a~rr<6,05~~2vhalga ichida quyidagi
masalalarning yechimlarini toping.
18. Au(r)=0,u(a) =T,u(b) =U.
19. Au(r) =0,u(a) =T,ur(b) =U.
20. Am(r) =0,Hr(a) =T.u(b) =U.
21. Ou(r) =oMr(a) =7\n,(b) ={/.
HI

- boshlang‘ich

u(r) chegaraviy



22. Nu(r) =0u(a) =T,ur(b) +An(A) =U.
23. Au(r) =O.na)- Av(0) =T\WA) —U.
24. A/H=0undp) =rmap) +/m@A =u.
25. An(r) =0,ur(o) - AN =T ur(b) =U.
26. Awi(r) =0,m,(0)-An (a) =7,«r(6) +AvA =V.
27. opir) =0,m(@) =T ,m1(c) =AMA),0 <c <AA* (.
28. -K:ar+/+2x<0 aylanada
AC>0=f(xy)Xxy) e

=g(xy).(xy)=ar,
masalani yeching, agar:

a) f(x.y)=0,9(x.y)=tf+6x-];

b) f(xy)=Qaxy) =x+2y,

¢) fixy)=Qaxy)=2?-Ib

d) 7(0fy)=4,9(x>)=2X)"+1;

e) /(xy)= 24y,g(r”) =>

7.3. Chegaraviy masalalami to*rtburchak sohada Furye usuli
bilan yechish
Elliptik turdagi tenglamalarga to‘rtburchak sohada go‘yilgan
chegaraviy masalalami, tor tebranish va issiqlik o4kazuvchanlik

tenglamalariga qo‘yilgan aralash masalalami Furye usulida yechish
algoritmi asosida yechiladi.

M asala. Laplas tenglamasiga o<*<P,0 <y <s to‘g‘ri to‘rtburchak
sohada qo‘yilgan chegaraviy masalani yeching:

uQy)=u(p.y)=0, Wx0)=0, u(xs) =/(*);
Yechish. Ikki o‘Ichovli Laplas tenglamasi quyidagicha:
A I@lj
Au & T =0.
Berilgan masalaning yechimini quyidagi ko‘rinishda gidiramiz:

u(xy) =X()-Y(y).
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bu yerda x(xX) - x o‘zgaruvchining funksiyasi, y() - y
0‘zgaruvchining funksiyasi. Ular uchun quyidagi tenglamalar hosil
boMadi:

X"(x)+LLx) =0

I (y)-Y(y)=0
chegaraviy shartlardan foydalansak, X{X) funksiya uchun quyidagi
ko'‘rinishni oladi: ~(0)=g x\p) =o.

Natijada masalani yechsak:  *,(*)=sin

y,<g)=°re’' +bMl ' .

I ot

Masalaning yechimi: a_epV+b.e stin-Z-’Ji-1
Qolgan chegaraviy shartlardan foydalanib, yig‘indidagi

noma’lum koeffisiyentlar uchun quyidagi tenglamalar sistemasini

olamiz:

. ul
«( —a Y | _
ENeep e’ N+l =),
bundan,
K=-a,
2 29
5>, sn2tk ,&\

Oxirgi tenglik /(*) funksiyaning Furye gatoriga yoyilmasini
beradi.
Demak, berilgan masalaning yechimi:

29. Laplas tenglamasiga 0<x<P,0<y<s to‘glri to‘rtburchak

sohada qo‘yilgan chegaraviy masalani yeching:
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a) woj>)=nxp,y) =0, n{x,0)=0, u(x,s ) =f(x);

b) MQ>=uxp,y)=0,bIx0) =A,u{X,s) =BX

c) m(0,y) =ufp,y) =0, u(xy) =0, uy(x,s) =Bx,

d) u(0,y) =Utuxp,y) =0,u (x,0) :Tsin-z"-,u(x,s) =0;
p

e) u(Oiy) =0,ux(=y)=qyu(xfi)=0)uy(xis) =U;

. . sTx
f) «Q»=0,ii(p,y) =7>,iKic0) =0,ii/ jc*) =—
=]

30. o0<x<* o<y <i yarim tekislikda chegaraviy shartlami
ganoatlantiruvchi Laplas tenglamasining yechimi:
a) w(x,0)=uy(x, 1) =0,w0,y) =/0),u(co,y) =o;
N uxQ =uy(x, 1) +hu(x, 1y =0,
w(.y) =f(y), meoy) =0,A>0;
C) k(is0) =u(it/) =0, u(0y) =y(l - y), u(coy) =0
« «.(*0)- Zdx0) =0, u(x,/=0,
bK0,y) =7-Y, U(«>Y) =0, h >0.
31.0<r</? doirada quyidagi chegaraviy giymatlami
ganoatlantiruvchi garmonik funksiyani toping:
a) uR<p)=<pn-<p\
b) MU1,p)= psin i
C) ur(R,p) +hv(R<p) - T +gsin P+U cos b
d) u{R.<p)=1(p).
32.0<r<R doira tashqarisida quyidagi Laplas tenglamasiga
go‘yilgan u=u(r<p) chegaraviy masalani yeching:

a)NYAP =7sin|;
b)i/ (*,9») = -j+9»sin 29\

c)wiAp) +AU/2?) =/(?);
d)u,(K,p) =(/(? +cos ).

33. a<r<b halga ichida chegaraviy giymatlami ganoatlantiruvch

»=»(r.?) garmonik funksiyani toping:
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a)bi(a,e>) = 0.m(N1,<?) = Acos P\

b)m(a,p) =Anbp) =sin 2\

¢ ) n(ay) = <cos pulrp) =Q+Tsin 2\

d) u{a,g>) = +Tcos g>ur{b,<p) = hu(b,g>) =0\
34. a<r<h,o<<p<a doira sektorida chegaraviy shartlami giymatlami
ganoatlantiruvchi garmonik funksiyani toping:
a) u(r,0) =v(r,a) =0,u(R<P) = JKA

b) ud{r,0)=u(r,a)=0MK®)=f(<p)\

¢) br(r,0)=mAr,£nN=0,*(*,?)=Ufa

d),,(r.0) =*<r,3) =0« rT"0=Q

€) Wr,0)=uT(r,a)+hUf,a),ur (/1,p)+MJ1, ®)=0.
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8-BOB. GIPERBOLIK SISTEMALAR

Ushbu bobda xususiy hosilali differensial tenglamalar
sistemasi hagida umumiy ma’lumotlar berilib, birinchi tartibli
Xususiy hosilali differensial tenglamalar sistemasining
klassifikatsiyasi, kanonik ko‘rinishga keltirish, umumiy yechimini
topish, shuningdek, giperbolik sistemalarga qo‘yilgan Koshi va
aralash masalalami yechish o‘rganilgan. Mavzuga doir mustagqil
yechish uchun misol va masalalar keltirilgan.

8.1. Umumiy tushunchalar. Giperbolik sistemalarni kanonik
Ko ‘rinishga keltirish va umumiy yechimini topish

Quyidagi tenglamalar sistemasi berilgan bo‘lsin

, Ydu. ., _.du ,oovdu. ,,, .3wm .

[(XN)_gr+ "2X)_gr+ DX ) -+Bn(xi) 5 filx)), M)

dzt ’l‘\'M(*so’(‘iytr m(.xﬁ%“); +Ir31jj"th')d—dl;' —£2[x,t)

Bu vyerda, (x.0. »>(*,0.%,,(*.). Bn(X,/),A1(x,0.Aa (X.0,B31(X,0,B,,(X.0 -
sistema koeffisiyentlari, /,<*./)./,(x.0 - ozod hadlar boMib, berilgan
funksiyalar. ux.o.M(x,0c - noma’lum funksiyalar. (1) sistemani
matritsaviy shaklda yozib olamiz, bu uchun quyidagi belgilashlar
Kiritamiz:

Hot > -ft. > '-(E)=m-(;)
Natijada, berilgan (1) sistema quyidagi ko‘rinishni oladi:
ag Py =T 1)
Mx/),u2(x,/)funksiyalaming to‘la differensiallarini yozamiz:
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dux:'q'u'dt +/-dX,
dt dx

du, = 2% + Ll (2)
2 dt dx
(1) va (2) sistemani birgalikda garaymiz:

. du, dux du,
at TAV g +ON gy dx

M e B -

dw, du. (*)
tht_erXFx"du'i
du du
nN 7t — -1 =
dt +06rdx du¥
Hosil boM(gan (*) sistema <4 <4 noma’lumlarga
dt dx dt dx b

nisbatan chizigli tenglamalar sistemasini tashkil qiladi. (*)
tenglamalar sistemasining matrisaviy shakli quyidagicha:

A—+B-*/
5/ dx
dtE— +dXxE— =du
dt dx

(*) tenglamalar sistemasi noldan fargli yechimga ega boMishi uchun

a B A
dtE dxE
boMishi kerak.
Ta’rif.
A B
dE o @)
tenglikni ganoatlantiruvchi chiziglar (1)  sistemaning

xarakteristikalari deyiladi.
Xarakteristikalar ustida munosabatni aniglash uchun quyidagi
kengaytirilgan matritsani qarashimiz kerak

(n B n
[dtE dxE dud
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Agar ushbu matritsaning rangi asosiy matritsaning rangiga teng

bo‘lsa, u holda xarakteristikalar ustida munosabat artiglangan
deyiladi, ya’ni

A B n (A
\dtE dxE du) [dtE dee)

Misol.

N +])-3p=o
dt  pQdx

dp 2du n
~t + AA dx ~

Akustika  tenglamalari  sistemasining  xarakteristikalarini
aniglang va xarakteristikalar ustida munosabatni
Sistemaning umumiy yechimini toping.

Yechish. Berilgan sistemani matrisaviy shaklda yozib olamiz:

.
AT
Po
I

quring.

{Poco O
Bundan,
= U=
A™ +B™ =f
dt dx

Ta’rifdan foydalanib xarakteristikalarini aniglaymiz:
I

o -4
Po
I pPoco 0 =0
dx
0

1

Po 10 O

dt0 asco O +dx0 1 pgfj] =-c%dt2+dx2=dx2-c~dt2=0.
dt dx O dt 0 dx

I 0

(dx-c@it)(dx+cQt)=0,
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Demak, tovush targalish tenglamalari sistemasi quyidagi
xarakteristikalarga ega: x-c@=cons™ x+cj”*cons,

Endi ushbu tenglamaning/ kengaytirilgan matritsasini yozib olamiz:

.0 0o Yoo
Po
0 1 Poco 0 0

dt 0 dx 0 du
0 d 0 dx gp
Xarakteristikalar ustida munosabat quramiz, bu uchun
kengaytirilgan matrisaning 4-tartibli ixtiyoriy minorini hisoblaymiz
(faqat oxirgi gator o ‘chirilmaydi!):
10 0 0
o 1 pC@ 0_

0
dt o dx du
0 dt o dp
1 0 0 0
o 1 A>cz . 1 Poco ©
© — o dx du=dxdp+pac\dtdu =o .

dt o dx du
dl 0 dp
o dt 0 dpP

adp+ pCcldu =0.
T =c0=> cOdp + pOcOdu =0, d(p +pOcOu) =0,
Berilgan sistema uchun x-c@=cons> xarakteristika ustida
munosabat quyidagicha: cQlp+pQ@]du=0.

at:~c0'—‘>-00dp+pbc\du =0, d{p - pOcOu)=0

Berilgan sistema uchun x+c@=cons, xarakteristika ustida
munosabat quyidagicha:
-c@p+pCldu=0.
Xarakteristika munosabatlardan foydalanib berilgan sistemaning
umumiy yechimini topish mumkin:



P+PocoU=f\(x-c@); p-p COu=Ff2x+ch).
Yugoridagi tenglamar sistemasidan noma’lum c/=|w| -vertor

funksiyani topamiz:
Natijada berilgan akustika tenglamalari sistemasining umumiy
yechimi quyidagicha:

» = éﬁm(/(* + C(I) -f 2(X + CO].)),

Barcha xarakteristikalari haqiqiy va turlicha bo‘lgan sistentalar
giperbolik sistentalar deyiladi.

Giperbolik sistemalarga Koshi masalasi xususiy hosilalari
differensial tenglamalarga qo‘yilgan kabi /=0 da ox o°‘qining biror
bir intervalida qo‘yiladi.

Quyidagi

(4)
sistemani qaraylik. Agar /=0 chiziq xarakteristika bo‘lmasa
hosila sohaning barcha nuqtalarida mavjud bo‘ladi. Faraz gilaylik

del.4j|* o .
A matritsaga teskari a~ mavjud (4) sistemaning chap tomonini a~
ga ko‘paytiramiz
A Ad!_+A del_er.
AT'A=E'B=C deb belgilasak,
CRr ®)

Agar (4) sistemamiz bir jinsli bo‘lmasa, ya’ni

(4%
A*f=g bilan belgilasak,

(57
sistemaga kelamiz.
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Biz asosan (5) ko‘rinishidagi sistemalami garaymiz.
E cL
dtE  dxE]

ko‘rinishida boMadi.
Faraz gilaylik, tenglamalar sistemasi n o‘zgaruvchili bo‘lsin. dt
ni determinantdan tashgariga chigaramiz:

E C

dt' 0
E —B *
dt

0 C-—BA
dt" a o,

E WMe

ga kelamiz.
©
(6) tenglik bilan aniglanadigan chiziglar xarakteristikalar deyiladi.
Xarakteristikani aniglayotganda k gqiymatlar
|C-*£| =0 (7
tenglikdan topiladi.
(7) tenglamaning ildizlari k lar haqiqiy va turlicha boMsa, u
holda garayotgan sistemamiz giperbolik sistema deyiladi.
Quyidagi sistemani garaylik:
AXLU)S-+B(X ttU) - =A™ tM) (8)
(8) ko‘rinishidagi sistemaga Kvazichizigli sistema deyiladi.
Chizigli tenglamalar sistemasi uchun aytilgan mulohazalar
Kvazichizigli sistemalar uchun ham o‘rinli.
Misol.Berilgan giperbolik sistemani kanonik ko‘rinishga
keltiring va umumiy yechimini toping:



Yechish. Berilgan sistemani matrisaviy shaklda yozib olamiz:

Cwr-. w i

Bunda,

4 V -I- 'V
Xarakteristik tenglamani yechamiz:
“K: A -
Idizlari: * =i, *2=-1i.
B matrisaning xos vektorlarini topamiz:
(B-k,fy=0,

n -C)

Xos vektorlardan quyidagi matrisani tuzamiz:

‘e V)

Ushbu matrisaga teskari matrisa:

z .
-&:)
u=zv almashtirish yordamida tenglama kanonik ko‘rinishga
keladi:

dt dx

Berilgan tenglamaning kanonik ko‘rinishi quyidagicha:

v, -Q
dt dx
dt dx

Ushbu sistemaning yechimi: \2(x0 =/, (*-1).
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Dastlabki  sistemaning yechimini quyidagi tenglikdan

aniglaymiz:
n=zv

M vk)

Bundan, berilgan sistemaning umumiy yechimi:

v(x,/) =/, (X+f)+12 (X-0-

Mustaqil bajarish uchun mashglar
Berilgan sistemalarning xarakteristikalarini aniglang:

I =0,
|ur -aux+buy =0

2. >N+ M =0

3. yHyy-uzt=o0
[N #2400 - = (X)W
' Wor —¥1 _ﬁylxy"*Uyy_V)y_S:i

5, MM y~ny=Q
' +2uv =0

y=u+/m, r=x+/ly,r=x-iyo, =0

6. xa -y dity- dmy =0;

tax[ oax)  ayl’

ﬂ/l = aZ

dt Ox2

9. (tx2 - (+y2/y+xw+ =0;

=le)

10. =0
0 JI+ul+u*» [J1+ul+ul)

11.

12. d—

ay
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MM B

13. at  ax X
Mmoo
o7 X ax
14, @
,qX
aoamon
15. ay &

~Np.w)*x(p.,,)w0

p={\-ur-n2y,a =const,

ap an+aM
dt+pOC ax ay)
16. Mol
dt  p0ax
+—N =
a "p0my 0
n o4, +55, UE2
co’ dt2 w ’ & 1
|\/_|3ﬂ ﬁﬂi-_af_s,zo.
@’ dt dz 7 dx
n dHs  pEr  af,

165 a o« ar
17. e 28 a2
o dy &
ci dt '—/JLJra;:':O‘
Z
£ E3 as, _,
@'dt " odx qy_
/ / /
18. Mogn o B A
i lar 2py
001 o 0 41 o | OO0 O
010 -0 0 0O El 0O O
4* By = =
1 00 0 -1 N 1 00 00-10
0 00O i 0 0-10 00 O -y
N
M 1587 40 =,
19. a a
ar a>
Al & HA
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1 aph &p (@

20. ~unr+f  +7 +a°r°=y®’
3 an a0 _ o vEe™!
+— +3\1_ ]
@+x")%. +N  +E(I +£ N +2£111=0,
21. dt  dt tv Jdx tdx t 1
opr td2=
dt x dx
d(P +rcos2”™) [ d(rsin2)
X + 3y -~ /py
22. 3(rsin2<y) d(P-rcosly/) ~r r '
x Yy
23. M-u,= 0,
f* K - vo(y +u,)+ (c2- 02)jy =°
24. u, +AL =0,
0 O 0
ol o o
N=
-1 o]
0 -3t:
du0 duL-ft,
4 dt  dx
_“Lp,2 v 1 du0
d 3 dx 3‘dx
25 duk *+1 K AL -0

~t  2k+\ dx 2k+l  x

du=v N du*, N-\ gy
dt 2N-1 dx 2N-\ & -°°
ar . N A, _

Giperbolik sistemalarni kanonik ko‘rinishga keltiring:
av do

du
X

f2m+(2/- Ynx- 2t+1>n, =0,
12uf-(2/ +1K +(2/-1k=0;
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28.

29.

30.

31.

32.

34

35.

o  po n
i + &+ =0’

( \go mm n

(V& -7=0;

£0)
%"
5v, b5m

M, oM, 5dU g

dtdxdx

O +581 130 =y
dtdxdx
da) du

dx

dt dx

—+-LN=
dt  Pqgdx
dp >du n

n7+p°cc&=0

n+ y+2<y;

------- 3— = 2v + 3q)~3u.
dx

Giperbolik sistemalarning umumiy yechimini toping:

-(* +N)>+ 10,
\(x +IK - {x-\y>, ~i\ =0;

k +«,=2(ux-y )-3

AN-u o\

\y,+«y=3-n)+2(y,-«/ [
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8.2. Giperbolik sistemalarga qoYyilgan Koshi
masalasi va aralash masalaniyechish

Giperbolik sistemalarga qo‘yilgan Koshi masalasi va aralash
masalani yechish xususiy hosilali differensial tenglamalarga
go‘yilgan Koshi masalasi va aralash masalani yechish kabi.
Quyidagi misollarda sistema uchun go‘yilgan masalalami yechish
ko‘rsatilgan.

Masala. Giperbolik sistemaga qo'yilgan Koshi masalasini
yeching:

r2u,-ux-v, =o, Q _ 00<X<0Q
[2v,—, - v, =0,

Yechish. Berilgan sistemani matrisaviy shaklda yozib olamiz:
6 )I(:H(::
Bunda,

4 )4i

Xarakteristik tenglamani yechamiz:

«-41:0-C3-

lldizlari: * =o0. *, =-2.

B matrisaning xos vektorlarini topamiz:
M & -o,



Xos vektorlardan quyidagi matrisani tuzamiz:

*CV)

Ushbu matrisaga teskari matrisa:

u=zv almashtirish yordamida tenglama kanonik ko‘rinishga
keladi:

dt dx

buyerda, k- z*z-~ J], k-£).

Berilgan tenglamaning kanonik ko'rinishi quyidagicha:
oN L =
tdIL 2 =0

dt

Ushbu sistemaning yechimi: v j~~"~x+2/7

va(jf,0 =/ 2(X).
Dastlabki  sistemaning yechimini quyidagi tenglikdan

aniglaymiz:
n=zv

QM viz;)
Bundan, berilgan sistemaning umumiy yechimi:
«Om)=/,(*+0 - / 200,
K*0 =/i(*+0 +/2*).
Endi berilgan sistema uchun Koshi masalasini yechamiz:
u(jc,0) = 0, v(x.0)= 2x, -00<X<0Q

[0 =y;(x)-/2(X) =0,
W (x,0 = /[(x) +/j(x) = 2x.

fi(*) =%
1/2(*)=*
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Bundan
A+ =+,

mn(*)=%

Demak, berilgan masalaning yechimi:
M=

(v(jc, t) = 2x +t.

Masala. Akustika tenglamalar sistemasi

— 4N =
dt  pOdx

B, nlr du n
Hi p°°a*
berilgan bo‘lib, «=0*=0,*=/ chegaraviy shartlami ganoatlantiradi.
Yechish. Xususiy yechimni quyidagi ko‘rinishda gidiramiz:
u=T(HUX)
p=THP(X)*
u holda «,p,u lar o‘zaro

Agar yechim mavjud boa4lsa,
quyidagicha bog‘langan:

Ty _ 1P« )1 = A= const
T(t) PO U(x)

N v _
l\t_) =- (I:-H(L):ﬂ:const

T(t) o P(x)
Bundan T(t)=conste* va shuning uchun xususiy yechimlar:
n =e* *(/(x),
P =e*P(x),

ko‘rinishida boaladi.
Ma’lumki, «w uchun, «Q=«/)=0 chegaraviy shartlar bajarilishi

kerak.t/, &~ ga bog‘lig oddiy differensial tenglamaga kelamiz:

w +—=p
50 11

WPHH+A>C N=«
Bu tenglamalaming umumiy yechimi quyidagicha:
b JIx
U=AeQ +Be c*

P —PdCdAc *+ PdGgBc
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a,B doimiylami (go) =</(/) =o chegaraviy shartlardan aniglaymiz. Bu
shartlar birjinsli chizigli tenglamalar sistemasiga kelamiz:
a+tb=0

U

Ae” +Be * =0
Agar

U A
D(A) = £=  -e~* =-2sh— =0

boMsa, u holda yuqoridagi sistema nol bo‘lmagan yechimga ega
ya’ni:
n=-+e- (A-butun son)

a=o, b= deb olamiz.

sistema noldan fargli yechimga ega boMadigan gqiymatlari n
parametming xos giymati, shu xos sonlarga mos yechimlar xos
funksiyani tashkil etadi.

Xos giymat va xos funksiya quyidagi formula bilan aniglanadi:

Fr‘=/‘]b—lce>«* =/sr'n@jc, pk=-pOCOcos@x.

Xususiy yechimlar cheksiz ko‘p:
Pk =e*Pk(x)

Ma’lumki, ushbu tenglamalar ixtiyoriy chekli chizigli
kombinatsiyasi ham, ya’ni ushbu tenglamalar:
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Quyidagi sistemani
My 1dp_p
dt pOdx
dp _2du n
» +AC*sr- 0
va

o) =«(>)=o

chegaraviy shartlami ganoatlantiradi. Bu masala yechimi odatda
ux0) =X} px0) =pX){<PX).¥(x)} vektor funksiyani chekli chizigli
kombinatsiyada apraksimatsiyalaymiz:

f<p(x)) v  'C/Ogcn

U)J”So‘U.wl
tabiiyki

Sx,l)=£ale*“’Ul(x)

p(x,/)="Z"IhW
yechimlar ,,(*./) va P(§) yechimlami aproksimatsiyalaydi.

Kompleks xususiy yechimi:
kn knCO, . kn KﬂCO

LN . kn
ul’(,c-le 1 SM— =/C0S-——- -/sm — xsin-—-—/sin— jc

/ I I T I

pk=-p0Cte 1 cosﬁlx=-pOGOFcosi?/c-:g-/cos@x+/sin£n’cplcos@ x\L

Chizigli kombinatsiyalar

fo+wr 1 (uk 'J
2 %

A +Pt P27 prepk

2 > o2

Shunday qilib, chizigli kombinatsiyadan quyidagi xususiy
yechimga ega bo‘lamiz:

Lsz-i ——ﬂn%tsinm\#’\ pk+p.k -p((—:OsinE’Cgsm L
M- U o *EO0 K, pk-put -pCCOsin 7 *HOO L

Yechim
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koY mishida tasvirlanadi.

x=o0x=/ qgo‘zg‘almas tekislik orasida gaz gatlamining

tebranishi tik to‘lgin deb ataladi.

1-chizmada gqandaydir vaqtdagi toMgin
tezligi va bosimi  tagsimoti  grafigi 1 IVjjiH WX
keltirilgan.

“Tik to‘lginlar” nomi shuni
ifodalaydiki nuqtaning tebranishi uchun tezlik amplitudasi (yoki
1-chizma p bosim) nolga teng boMsa, yoki hamma vaqt ekstremal
bo“ladi.

Tugun nugtada bosim amplitudasi maksimal bo‘ladi. Bundan
tashqari izoh berish kerakki, usiljish fazosi bo‘yicha bosim siljishi
0°‘shanga qarab siljigan bo‘ladi.

Akustika tenglamalar sistemasi uchun yaratilgan Furye usulini
garab chiqdik.

nfa/)=u(/,/) chegaraviy shartlami cheklashdagi xususiy
yechimlar yig“indisi tik toMginni ifodalaydi.

-+27N-=0
Masala. f' > )= (L)=0, «(x0)=n, N(X0)=0
Ldt dx
Yechish: Yechimni quyidagi ko‘rinishda gidiramiz:
u=THUX)
$=T()V{x)
(0 -U(X)+2V'(x)*T(t) =0 T(HUK)

V{x)T\t)+5U"(X)T(t) = 0 TOV(X)



rnu: +2-lI;(X) :O
T N =
ro_ ,r*_ uUx
w)y WA T " F(,)- Ar(0=0

2VA = 5A N1 ey “2V(% 2K(m)
W) MY UX= 75 UXK)-——o

];l)ll;gx)) :ﬂ, 10r(A)'AK(,ﬂ,):05 F(JC):efa, y{X):KA,

10%>e*-JT</1=0, efa(i(*2-92) =0, *=

F(x) = C*71*" + C2~TiX, F(x) ="=Xe rX--NJT e
Vio' o

2N.JgNo _"2_3~Tlorj 2Ar#NAXT
bl YR>* o I T e C*
nw

(/ n/10 n/10 .*2(C,-C2)_
n/10

0.
c,-C,=0, c, =c3
r
Cenr+Ce/1]» "=«"fc,e3+C<
eX +e')K
=0,2ch”=0. "-(§+»), *="{f+)

1@ -C AN *)" )i 2dcosZt nn\x-rM(E + xd

) i ) -
cosN-j + miJx- ,s‘n™ +m 4C,Is'ny + mJ*
Vio Vio
Ve = 200 [+my =[c,= =M cos(|+m)*.
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-A»sinNY +

1= o

C ="\Vio| =-2/sin\Y +;mj ce
Y(X,0 =« AN A2[SINAY +iidj > Nx ) =eT "2 ~ViOcos y+"njxj
= -j~cosVIO/N + T+ [sinVio /™ + mjj ®/sin ™ + X e

1/(x,N)=josVi0™N | +sauj +/sin +71M) } N co”|+OTjjtj.

o v 3
2 +*xcosVio/N |+ j—4#sin J\0 §+_|
2

=2sin”™ +amx”sin NIFO/MN +an”

NN BTNy + A+ 5T>IC0/NY + nuATIA)COSMNY + nn2y|

2 2

~cosVio/” + wj +/sinVio/Ay + MA-J1o coif_}nh_l

2

- VTocosV IO /N + awjco™ ~ + pan*e

NN 21 + mjxj~cos Vio/Ny + mj + 1sin VIO/Ay + nuAj
2 2
2/sin™y + nwxcos ViO™ | +ufj - isin \/IC(fH ))
= 2/cosVIOr™ + Twjsi
{f+

cos VIOL—+ m I+ Isinvn)/| | + ]'I))po COS™Y + MMjXj
U J |
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AcosAlOINY + mj +/sinVEO/AY + )j7i0cos(f +m)x)

=/sinaTO”™  + mjVIO cON ~ + 1~ 1%

Demak, berilgan masalaning yechimi quyidagicha:

N 2sin| —+ m (xsin /TOf —+ m
A U . U .

<n ; ; +
=°E
yf10 QOBA/TO/AY + JVj COSNY + 01 *
2cos + mj sinNY + nu|x
sin + mj -Jlo + mjx
Boshlang‘ich shartlardan foydalanib, noma’lum

koeffisiyentlami Furye usulidan foydalanib topamiz:

m(x0) =" 2sin™|+mjx =X,

2b = 2fxsinf—+ n\x<£r + 2 fcosf—+ M\xdx —------ -— ;-siny+ wg =

—+m 0
2 ]

Ir-J

jr0=o0, a=o, b= I

(Fy

Demak, berilgan masalaning yechimi:
2cos nAOMNy + imj sinNY + i x

X2(-.rg+h"
sin VIO/MNY + AT cos™y + jx

Masala. Endi esa Furye almashtirishni qo'llab giperbolik
sistemaga go'yilgan aralash masala qganday yechilishini
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ko‘rsatamiz. Giperbolik sistemalar tebranma jarayonlarini, tovush

tarqalish hodisalarini ifodalaydi.
d = {(r.)lo <X<\,i >0 } sohada quyidagi masalani garaylik:

du dv _
dt +1h~ 'O<X<l />0,
av , du _
L=
5/ ax
«(0,/) = =0, u(x,0)=o, V(X,0)=cos tc.

Yechish. Masalani  yechishda Furye almashtirishidan

foydalanamiz.
Bir o'zgaruvchili funksiya uchun to'g‘ri va teskari Furye

almashtirishi mos ravishda quyidagicha bo'ladi:

f(s) =-j=)nx)e-~dx-

Ikki o'zgaruvchili bo'lgan holda to'g‘ri va teskari Furye
almashtirishi mos ravishda quyidagicha bo'ladi:

U(s,t) =-*u(x,t)e~xdx\

0 =i
»(X 1) =-j=]v(s,t)e*“ds.

sistemadagi tenglamalami f£a Kko'paytirib, R sohada

integral laymiz.
X * =
atU dx 0.

dtodx
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Xuddi shunday

T W E r"n=<,K(m)
Bizning masalamiz uchun quyidagilar o'rinli:

1 ‘rdu . du | 7du ™ P
-E —e dx=—— ~r=_ —e dx=isU{(s,t),
& dl y?aldxe isUs.0)

1 fdv dv 1 fdv_to . .
7= —e dx- = ; =.. —e dx=isV(sj) ,
exidt ct Ibiidx (Jb

U holda berilgan sistema quyidagi ko'rinishga keladi:
OSO 4iins)) =0
avisy) _ . -
ot +isU(stt) =0
u(,)=uU(,/)=0, U(x,0)=0, K(s,0) = d(s),
dt2
V,(5,0)=0
Ya'ni Koshi masalani hosil gilamiz. Bu yerda cosnx=117 \o{s)eiads.

Ushbu masala ikkinchi tartibli differensial tenglamaga qo'yilgan
Koshi masalasi.
Hosil bo‘lgan masalaning umumiy yechimini aniglaymiz:



Ushbu funksiyaga teskari Furye almashtirishini go'llaymiz.

v(x,0 = VAZ:I’ A‘,V(t,s)eiads = §>)\]§1 i?eLu(e‘* +e*)d(s)ds = HZZQ if(e]1x~,)r +e‘(dO0)d(s)ds =

COSJIX = | P(3)ewwab =~ (c°s *(x - 0 + cos n-(x +/)) = cos ax cos i/

Demak, v(x,/) = Cos aAxcos Tit
Endi  u(s,0 =— ~s& tenglikdan foydalanamiz:

nb-~dble™ - f *)

Ushbu funksiyaga Furye almashtirishini qgo'llab, natijada
Uit =snsainjit yechimni olamiz.
U holda berilgan masalaning yechimi quyidagicha bo'ladi:
/) = sinxsin TR
(iC./) = GBI COSTY
Shuni  ta'kidlash joizki, giperbolik sistemalar, Furye
almashtirishi matematikada keng tatbigqa ega sohalaridan
hisoblanadi. Xususiy hosilali differensial tenglamalarga qo'yilgan
masalalar giperbolik sistemalarga qo'yilgan masalalarga keladi.
Giperbolik sistemalarga qo‘yilgan Koshi masalasini yeching:

38. u(x,0)= 0, u(.t,0)= 2x, -00<JC<0OQ

[20, -ux-UX=0,

f2«,-(2/-1K +(2/+1K =0» / n , , -oocr”oQ
[20, + (2f + Lww—(21- l)u, =0, *U ’ o °°<X<CQ
40. jl* A+ - 0.,,x0)=01y,,0)_»-co<*««
u,+u,+u,=0.

41. Gursa masalasini yeching: (sLd 4r Lt =P(*.*)- <Lom*>°-

u(x,-x)= y/(x), x<0,p(o)="(0)
U du ysdu —o
42 dx dy dy

) du du_

dy dx
u(x,x)=x, x>0
u(jc,5jc)=x2,x<0.
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Giperbolik sistemalarga qo‘yilgan aralash masalalarni
o ‘zgaruvchilarni ajratish usuli bilan yeching:

— +9— =0,
dx

u@,)=u(/r,H=o.
iific0)=x2 t»(jc,0)= 0, 0 x z n\
44,
5i/ +9 do do)_
~ dx dx
du

+— -0
ar

do+,\_0
~t ar*“

WXg) = 6, U(X&)= 0, a(x,0)=x2, u(0,f)-2v(0,))=0, W(0,/)= 0, 0(I./)=0. OixSl;
45,

— +4— +«=0

dt o '

d_V+d_u+0:Q

dt  dx
u(0,t)=u(x,H=10, u(x,0)=0, ~,0) =sin2 0£ X</l
46.

2 | — =

.(ﬁa+2| dX+u 0,

do -du

ir+3& -u=0-
u(0,/)+ =0,n(l,/)-u(l,/)y= 0,0~ X~ 1.
47,

du _ do n
a +2/&-"=0’
do “~du

n(0./)= u(l,/)= 0.0 £ x £ 1;
48.

Tt dX+><JM+\(I»><J?’U:0,.

-m_+ 4E+ (I~ TW+x1u =0,

(11 -u(1,0=°. 0Ax AL,
a(0,/)=0,
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49.

— 42— =,

dt ox

A g g

Jdt o ax
n(o,/)= o, t>(l,r)= o, bI(r,0)= X,
W(*,0)= O, 0£ X0l
50.

—-2—=0,

dt ox

AN_3 AN

dt o

n(0./)=0,u(1,/)=0.
n(x,0)= O 0(x,0)=X, OfL x 11

51.
—42—=
dt " opx 0.
A+ 34 =g,
.a JiN
n0.)=0, «(l./)=o0.
n(x,0) = x, bI(x,0)= O, 0" x S I;
52.
AN_QAAN =
S 3 iy 0,
5 Var
n(o,/)=0, n(m)=o.
*(x.0)=x,

0(x.0)= O 0E£ x££

53, dt
a7
u0/)=0, 1/)=Q

nx,0)=1v(x,00=00£x<1
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Javoblar

1-bob.
1.2.3.4.5.6.7.z=/(x* +Y). 8. r=/(xy+yr). 9. r:/(ﬁ+§2. 10.

—t—-+—,'z‘f22)2) 11 F(xl-y f,x-y+2)=0. 12,
= 13. F(x>-4z,ItUs$-) =0. 14. Fx>+/.i) =0. 15.

Hy,xy~?):o. Ie'FCﬁ?‘jfﬂL’fﬁ_-erB =0. 17 .f(x1+/,xz+V7+T))=0.

18. 7):0_19_ pl*2+y2,arct’\y) +(z+1)e'*)=0. 20. 20.33.

Xy ~"
M=2ry.34. z=>;/-er+l. 35. z=y&2i236. «=(1- *+yX2- 2*+r). 37.

n=(gey-22~ +7.38. [-X 2-In¥7~V =2-1In|y|.39. 2x*(y+I)-yl+4z-I.
40. (X23)2=2x(z+>0).4Ljl»nx.»nJz.42. 2xy+|=x +3y +—m43.

jr-2y=jf2+y +z. 54. z=Jo/+/"-j, bu yerda / ixtiyoriy funksiya bo‘lib,

u uchun /<i)=oshart bajariladi.

2 -bob.
1. Elliptik. 2. Giperbolik. 3. Parabolik. 4. Elliptik. 5. Giperbolik. 6.
Giperbolik.7. Parabolik. 8. Elliptik. 9. Giperbolik.10. Elliptik.il.
Elliptik.12 MWIfHM =0, £2x,1; =3x+y. 13.m"MK* =0, £=X-2y, Tj=X.

+6MN +MA 10 =0 A=f +Y'U=\x1"Yy x> 0> WK+ Un =0,
2 3 j
#=-(-*)*, *<0. 15, «*+——-(-«B=0,E=x+2jy,rj =x-14y,
) ) iy.ri=x-14y
y>o0; ntfvww~ « =0,£=x,n=zPy, ><o. 16.
n
£=>/M>7=VM , (*>0,y>0 yoki *<o,;/<0) ;
+ +4)="»£=/1 ®=VNT (x>0, y<0 yoki x<0, y>0). 17.
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=0>Z=W>"1=W, (x>0, .y>0 yoki x<0, ;y<0);
+n M =">f =Ne* H A 2»(x>0, y<0 yoki x<0, y>0).
18. u{+und-u(-un=0, £=In|x|, 7=in]j,| (har bir kvadrantda).
19. us+uN+N w+N in=0>£=y2 V=x2 (har bir kvadrantda).
20. ufn+/\ﬁ 1 bA)\ w, +£/J=0, £ =/ -x 2, rj=y2+*2(har bir kvadrantda).
21. M+ WU-IhEU, =0, { =In(e+i/l+jt!) TI=In(v+yl4y1]
22°"n _2in b t-« )+ Tfxir)('<+* ho,e =y'+e-.rizy2-ex (Y>0yoKki

<0).
ZB. )u« +",, +cos$/, =0, f =, 77=y-cos».24.«,,=«f.25. 26. { =2y +Xx \u=x\
; giperbolik,
N =5x+y; TFjc parabolik,
29- d,iptik’§ +0--™ an'T Ny
30. S=S--2e>-,n=x\parabolik, 577: F (f,7,u,(’j‘£, Erj) .31, A=y-jn
7=p"+Y; giperbolik, = w7 £=cosx+ty; 7=,
parabolik, 14 =f(f,%"“> J*)-33. i =yx =ix; elliptik,

fA+fA= F(f>fpfda'34. "=2e*giperbolik,

J f~ 35-~  co*>4= \ giperbolik,

AN=F(MNF7,mNN).36. M=asjc- Siny,  7=*; parabolik,

d2a du du



37.<f:2*-.y;>7:X/\+y’\; giperbolik, g&)ﬁf(Et?,h,’;,c-A&%.SS.E =tgy- x; g=x

parabolik, O—rj$:F(g,rjtu,dg i 39. A =am y\rj =smX\ elliptik,
=iny-i; rj=x\parabolik,

g7 -M{'n.n, 2 94y 41 {=y+c,p ;n=x; parabolik, 22 du- du.

42 .£=e*+2y,Ti=e-u; elliptik, I/? Zf%/ /r(#>’7$‘£vI d"43-€ cgy \M &

; elliptik, ~ + (;;j =F'\,rj,udé\,gr]).44."—_3dnxyfj=xyparabo|ik,

~=F " ,tj,un,~).45.~=x-e>; rj=2x-ey; giperbolik,

B, oy 2021 BNk, + =F(ry,

47~ =20m-an y*' n=y\ elliptik, Lfi'+o;} =F(£i7>“'UQ'I;'r?'48'E Sy- Insinx

-~ i = 1 N - = H
n~x\ parabolik, o F(E,rj,udg,orj).49.£ Incosy 7=Insin.*;

elliptik, ~+~=F{i;,rj,u,~,»
og or

50.f=e*"x2+y2; n=x-y;
eq dj) y y

glperbollk ~ ~ = , Ogj d,r N o=xy; n=*y yoki £=]ny+\\ntf+9)\
j=adg \elliptik, _ =P&n,n,"N"N).52.£=YT\nX;n=x-y;
3 dg drj dg dr] X
giperbolik, gg—or=jF(4,n,uog, 0;?.53.| =xy+\n,-,n=x+y ; giperbolik,
N=f(#,,9,9>.54.f=-,; u=x; giperbolik, jg-=0.55.f =, +,..
rji=y; parabolik,OAH4 =0*56..N =*+2y, n=*; parabolik, L%N“ZZL{‘:O.ST
in

2
j— N — N H H - A= .: - -
£=4n+y, "=2x+ ,elllptlk,—ogo—rj 1 og 0.58.~ =x+y, rj=x\ elliptik,

f +0 +fr 059" '- — rrw ~Wn+W n--0-60-
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£=2¥-xyrj=y; elliptik, ~T +~r+~ =0. 61.£ =x+3y, rj=x; parabolik,

f" +‘idr =ab62-£ =x+2y,n =3x+2Y; glperbollk =0. 63.

endrj 4 drj
f=x-3y, rj=x; parabolik, -4 + @i =0.64.f =*+2>, 7=3*; elliptik,

du

A - . L day, M
ﬁE AR d—r,) =0. 650 =2jr-y, ¥=*; parabolik, gl +3-=0.66.

£ =jr-sy, r/=x-y; giperbolik, - ’\ J+ 7Ad’r} =0. 61.£ =x+y, n=x-y; elliptik,

0 +0 +2/= 0-68-" — *"*'e giperbolik,
- ; — H H N_p N\ —_= = = -
£=r+2y, j=3c+y Jelliptik, |dg~+ drjiHZdrj 0.70.£ =X+3y, uy=2x-y\
n «

giperbolik, » A +N =0-71* £=*+3\ 77=r; parabolik,

[N+ (a+/?)||+/?|M+em=0. 12.£ =x+y, n=1X- Y ; giperbolik,

=0e73**=" +3* 4=x+y’ g'Perbolik, 74N
F=p giperbolik,=0.75.{=in(*+J? +1),7 =in(>+, // +1); elliptik,
0+ 0="°"76.£=*2+y,r]=y-x*; giperbolik,~ =0.11.4=A <r=y,
parabolik, Ji,J-+jH-’\:0.78.£:/ +X, rj=x-yL; giperbolik,——=0.79.
£=* rj=x+ey; giperbolik ,A"+" =0. 80.£=x2+y, /7=*; parabolik,

fA=0.81. 7 >n=x2; elliptik, [~ _+ N+t A =0, 82,
5/708 /nXEIEtI| 0.8

an' #77 b]dr]

N =jr+siny, 77=-"; parabolik,gywiim:o. 83. A~ J+>+cosx, ~=x-jh-cosx;
o7 o

giperbolik, * L +lcos”(g-0)=0. 84. f=+«,*,./7=*; giperbolik,

A+ S =°-85-#=/1 "=l Parabolik. 0 - 7 § =0-86*/=jr'A
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ti— i parabolik, Dy 87.~=tgytrj =inx elliptik,

s +1?
0 +0 +1 A4 =0-88° ™  Pparabolik’0 =0-89'
%=e?-7x, Tj=e>'-x\ giperbolik, dadr] =0.90.44V2/; =4%; elliptik,
# & 410 0-SL 1= /+zdw | parabolifyp flizo. 52
= =X2: i i N=gN._ —k-
£=x1+y,T]=x2;e | Iépoﬂt' 5/7% 93. 4Nn-3), =%

parabolik&ﬂ +4@ cté‘,j:°- 94, N=ix+s\ny, n=y ;parabolik,&;tj =0*

95. £:X+26~y,n - 2x', eIIIptlk -A-+ N =0, 96. £=x+y +sinxtrj=jr-y-sin x\

-

giperbolik, dAm+7GB\TAA ")=O-97—’\YJ&I‘I=Y\paraboIik,

0 -?2w S =0-98- Parabolik' 0 +T ~ tf| +’S )Mr-
99. M=ysinx,  77=y; parabolik, |§\ f" =o0. 100. >,>odaelliptik,

0 +0 +~ =0 ;><0 dagiperbolik; €=*-f(-y)\

vejr+2( ji & + 1NN |»)=0e101< >>0 daelliptik, =jr,u=b[y\
jrez(C g (77#)( ) ptik,"=jr,u=sly

3v 5M -1 m

*2 A2 i dj:O; ~r<0 da giperbolik, %=x-2y, rj=x+2"y;

d@rj (rj if(dE d]) B, 182, £oxdrj=y (x>0,  y<0) v
da dzu l1du I du n.

e-Mr.q-l-y\}(-o. , «O). elllptlk —+--= 0,
£=(-0)*-y\rj =(Hog=+y\ (x>0, y<o)VaE=ar- (-y)S j= MR+ (-y)-,
(x>0, y< 0), giperbolik,

ALA|AY=0>103. £€=4 J , ,
3\37 3dl’12 d£ e df | ) > X,rj=Jy x>0 y>o)

va
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r r- . J— e mo1 1
b-V -X,rj-J-y (x>o, y>0), eiliptik,-ﬂfl\ﬂ+ A AT Ao

aas Tau
N ="~X) P—yfyixcQ, y> — P=V~-3* F<Q Y>0,
giperbolik, ~ |~ - ~ -~ = 0 .104. wuT+HIC(=0, £=X, I,=y-X,

C=x-jy +jz- 105. n,,-nT+uKk +un=0, 4=y*, rf="x+y, C=-jx-y+z.
106. r/M-my+2mi=o0,£E=Xx+y, Q=Yy-X, C=y +z.

107. n#+wunll=o,£=Xx, r]=y-X, £ =2x-y +z. 108. uKk -unn-ukK =o,£=x,
T=y-X, 4=pk-1y +1r. 109. Mct+Mw +%+MrT=0, £=*, T=y-X,
C=x-y+:mT=2x-2y+z+I.

110. M Mot M +w TI=0, A=X+y, J=y—X, A =r, r=y+2+/.

111. bl«-KOT+U«- + Wr=0, £=X+j>, Nn=Y~x, ¢ =-2y+z +t, T——t.

112, W«-WW +«N=o, £=*, []=y-Xx, ¢ =2X-y +z, T=x+z+t.

113. me«+wsb=0, £=x, 7=y, =-X-y+2Z, [=jCc-y+/.

114*5 X ft =°> . *=U,..., n. 115. (“D*2 *f=0> AaE*m
3 H D ! ¢RI

k=12../1.

116. =0) £, =x,> £k =Xk—~Xk-Il k=2 , 3 117. =0,
*=1 t=l

:Jle** "“T 5*: n* \Mﬂ_,,/\l%:/\! :Xll)qy

km3'A.."*
3-bob.
1. f(y +ax) +g(y-ax) . 2. /(jr-y)+9@r+y). 3. /0>)+g(x)e~T.
4. jr-y+/(jr-3y)+g(2jr+y)e 7. 5. I/M +gO ) ™. 6. D8+1/(X)+g0)]ed+2.
7. f(y-ax)+g(y-ax)e~x. s. f(x+y)+(x-y)g(x2-yz) (X>., yo\dx<-y).

9. [foO+M*“*f*“ 1» (har bir kvadrantda). 10. /T -)+x g ( (RQ+y2*0).
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11. xf{y)-f'{y)+]0{x-’\)g’\)e<§dg. Ko‘rsatma. ux=v belgilash kiritib,
u=xv-vy9 Wy-xvx=0 munosabatlami oling. 12.
yg(x)+>-<g,(x)+6(y-£)ftf)e-*d{. Ko‘rsatma. uy =v belgilash Kiritib,

W=y, +yV, vxy+2xyvy =0 munosabatlami oling.

13. enf{x)+f{x)+~-7])g{Tf)e~ldri. Ko‘rsatma. w+u=v belgilash

kiritib, u=vx+yv9vxy+vx+yvy+yv=0 munosabatlami oling. 14.
Yy

yK*)+f(*)+\{6-ri)g(n)e~xr,<in- Ko‘rsatma. w+u=v belgilash kiritib,

WEVXH2YV, (W +xv)x +2y(vy +xv)=0 munosabatlami oling. 15.
n=p(x-/)+y/l(x); 16 u=<px+y)+V{2x+y>.1"]" L=<P(*+2y) + Y'(x+ 2y)e'-, Ig
N=<p(dx+y)ex?+ill(2x+Y); 19. u=<p(x-y) +ii/(x+3y)e~\2ib.
n=p(x+3y)+ill(x+3y)e 21. n=<px+2y)+ill(3x+2y)e~; 22.
n=y(y-3x)+uy(y-3x)e~x; 23. u=ttfbc-y)+i/42x-y)e~x; 24.

n=p(x-5y)e~~t +~(X-y);25. u=<p@x+3y)+y/(2x +3y)e~', 26.
n=3$2x—y)+u/(x+3y)ey2 27. n=p(3.!lc-y) +ygr+y)e~"; 28.

U= Px+3v) +ir(x+v)e"~r 5 29. M="(x)+"x-ev)e x; 30. m:s>(x+cosy)x—+l/l*); 31.

£:{3+y./7:5x—y'd'ﬂf:;g/l,7 é%zo,wzp(x+y)+"(5x—y)e ., 2 £=y,
rji=y-cosx;~--~20; u=<p(y)+v(y-cosx')ey; 33. i=xy\rj=y;
ogorj drj
d@]%]a{zo; n=AnY)Y+(|4z');34. ?: +y, BTX EM,~/6’3:O
m,u=qtf +y)+4tf +y¥\ 35. { =xy, u=y; ogori 1 og .= 36.
£=x)?,Tj=x; N - - “  =0; n=<Axy)x+d); 37. "W+.v, ?7=*:
|d/;j"i$idfj0;i/=/\)(2+ N+N+3Y); 38. n=x6&)5-;j-69=0;
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=p(faXY2 +<K); 39. S=XYVEY 1507 55 05 N=PY)y>H
U=?<xVV+iKy);40. £=annty,17=-%; 1 -22.0 0 "=k +l(Mel; 41,

*EF-FETUrg=s * N 2N =*;|JHS=(Q

n= —)E)(ny‘) +n(x); 43- £ = xy, T7:y;E)Y+E’\a] =0;VM o(xy)iny +vrxv); 44.

N= = . =% =>
x/,7=f Ogof§  Zq o] 45, £=*y [7=>S
£-1Qg-.; m-***4*x* A6
MEOKX)+XV(V); 47. dr=xyz 7 =7 , —;]’d\E =0, U=q(x)?)y?+y{y)\ 48
_ ~ bl 10/ N
£ =Xx+y +cOsX, r)—x-y-cosx,o—goj]—+—LToé—0, «= <p(Met+v'(); 49.

Z = x+y +cosx, 3:*-.y-COSX,-E¥:‘-= 0, u= 2+ Vi(); 50. £ = 2x- y + cos x,
1

. arm N Cl .

j=2x+y-cosx, 3/\3/7:0, =N +~E); 31. £=2x- y+cos X, j=2x+Yy - cos X,

a2|/|+15M_

a7 437

1 | m 1an
o, 1= <p(l)+u/(E)e™; 52. £-*¥ .M = xy1 ﬁg? +T =0

«:EAV)W‘(Ay); 53.~A=xy\7=x/, u=tfgpf+udsn);

29, 1of
53. {-*+/.4-, |~-10-, "=o, 55.

SAFSTHEHE SN AN ) T-
4-bob.
1. "Ne "H<1»0<><1.2. siny-l+e*";-00<x, yx». 3. X-y-"e +/h

-c0<X,.y>00. 4.i[l-x-3y +(x+y-l)e2j}« <x,y <00,5.

xyH—gsfn%coé JC+-ﬂfc-QO<X,y <00
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«=/[+(**-]1)/; 43. n=xy +1% 44. w=(x-1)/; 45 . £=x3Y2trj=x;

W S 78 =0; +2+43*-2**:46.f-*V .4-r.

m 1m | , 4
Il +nTro;, wn=A

’

u=yV+3—j4yr'+ -1 +j4y; 47. £=*Y | [T= x ;N - +~-~1 =0

RESMT 37T <E
n= + +y/(rlYm==xy"' -xy2+3x3+3x-1; 48. £ =X>yr,]=X \ + =
Lli.— yl( Sy y S yr, ]
n
25 f 5 * 25 2 AQ o »® n .5 N-n -
L -T v +J/ +a* “T*-T; E-*Y >P=y> n +3?2al °’

N="P+N>T7);
Vi

- i-1/" = FRVARA =0 m=* ks
f>§V +i |7/,50. #=xy,,, y,dgd|ﬁ+}]Jt; 0;m rJ_@2)+ >:

u=’é-xy+3y2-jéy- 51. €=y 3x2,T)=x; %E’aﬁ i3ﬁU 0 ; H:"ﬁ)r)m > 7);

«=2(/-1) +{x, (1-/) +3x; 52. 4=XYNM=T, »-*V/<F) +¥as

rj dg
mM=3y+(1-~ )8 ; 53. u="-+(x/)2; 54. u=sjrv-3*V; 55.» =5*v -3*V;

56.m=2n/n7;57 . #=x1,[MT=—

; =0;M=/TW 0 +V'07);
* 0707 2jjdg

u=f* yT* ** 58

= AXTX2+ Ay 22X+ — -N---~A~:50 .U =jr(I+j/).60.m = (grd+X5)>'2; 6 1.
3 |7y Ty oy jr(t+jh (ar: )
Il =1+sin( X- y- cos x) +«"** asi{ x +y +cos x); 62. n=1+cos x mos(y + cos -t); 6 3.

+ y-COSX

. . 2P

»=anxm s ( + J(Zz52L5);64. n=:¢6 33— 5. 65.
«-""()» VWY, A 66. n=e""V(H)+IP('7); u= U5 4
M»edv (f) +~(j7); u= —86—elr*+’§6—; 68. ,,=e-,V (f) +7(7); m=- 1—96"’\X+T9 ; 69.



xr+xt+At2+gxt2.106. sin*. 107. xt+sinfr+t)—(1—ehl)ex. 108.

1+t+§(1-CDSS/)Sinx. 109.—) - cosayfsin<ox 110. - - 5|n0)t 111, X+ty+t2.
aro,
112. xy(1+1r)+x? 113. -3xy’)+e'cosy+ A'sing. 114. X1+ f +/sin>"

115. 2x2-/+ (2 r 2+y)1+2r2+2f3.

116. +0,"+i,>(6+ +/)+ >+ *(*+y)117. e"A~cm ~+ -sK ,t\
2( ) 4( Y) [ 26 25 5 ']

118. cos(6*+cy)cosMtAT ?),— —\- —sin(bx+cy)s\nLttyjb2+c2)
ajb2+c2

119. (r2+y)2(1+0+802r:(x2+y 1 +i/j+5a 44N +-irj.
120. (xJ+/+4a2Xe'-I-f)-2<rt2M+ifj. 121, sf+jf-T M +t+fxyz
122. | +/z’ +8/1+!1 , 3+-L/«jd +-2-/°.
3 2 45
123. XN +txy +3r2(x2+y 2+ 22+ Xy2+ X222 +y222)+ “ [AB+ X2+ Y2+ r*)+ y~*"
124. erycos VAj+te3*#*sin5x+/V N sinycosz.
125, (I+Z N+ N+ 22)2+1002 2N +1”rj(x2+ y 2+ 22)+a*t*(5 + t).
126. (x2+ /+ z22+602)(e, -1-/)-a 22(3+0.

127. -~-(1-cosai)e’ cosxsiny +ey*zp - shatsinx + -~L >2)+ x Xh{atyfl)J

128. xycoszcosat+—yzexshat+— -—cod3y + Az\ e* -cosSat——sinScrg'
a 1+25a2 \ 5a

129.

lcosat +- Slnat]C(BJx2+y2+22+-— =L = Sian2+y2+225tOOSat-atSinat— —sinat 1
\Y e JIx2+y2+122 * J
4.3.

1. I+e'+wJ 2. /*+e"'sinx. 3. (\+f)ed4 QOSC 4. cA/sinx. 5. 1-cosf+(I+At)~e U

.o2r-rnsf 3 AT ( A»Bi<

6. (I+/)le b1 . 7. xM+Atyie1 8. (I+/)“ sin~~e 410+ 9. ~-1+e'" Zcosrsiny.

10. 1+lsin xsiny(2sin/-cos/ + ) 11. sin/+———e 12, —+—=l=e I|+.
5 (1+4)) 8 VT+7

152



—B 0Bi+t*e ( ~ cos x(e-2' - | +2/)cos ycos ze-4". 15.

e'-1+sii(x-y-z)e~*.

16. 1(i_~)+£%e > 17. i QRX_B+)(1_<s3)¢+ *
S+12

18*7 ~ 2C°3 M re'<”™ 719°C"AR; X-20- 0+ 21.

[ o W
a+4an 2e UL

a S** 1 —] Com)
22. (i+4))~2sin—— e~ "~ . 23. e N { )
1+4/ AN T +477

5-bob
i _ 8 fsin(2it+)~

2- _-§§- — \_ZIZ-[C]fJ)S(ZA+ D/ +sin(2/: + 1)/]sin(2fr + 1)x
m @41 s (2K4D)
3’ (_D*_ﬂ(2K+l) sin==-"t cos X.

4 2cos FF‘/+ﬁ sin Ad- 2 sinnkx, JK= ~(Kn)r -

5. 12-x)+€ % Mgy sm®

6. N +F:*=1£ | _gingy - < ifxn*
K “t -W t
7. sin2xcos2/ +]T(-I)* E‘—[I—cosE/]sinEx
=
8.

Ko‘rsatma. Yechimni M(x,/):),éi!Y,*(r)srTA/rt gator ko‘rinishida qidiring.

Izoh. Yechimni w=v+# yig‘indi ko‘rinishida gidirish mumkin, bu
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yerda v=ljc(i-x) funksiya tenglamani va chegaraviy shartlami
ganoatlantiradi. U holda
u(x,t) :—5 —————— > COSkat+—ZTkSinnkt Be 2sinA + )&

9. 2xf+(2e' —e4d %te4)cosx 10. 3+ jt(/+ f2)+ (5te'-8e'+ 4/+ 8)sinx

11. x(/+|)+é\éei'-ei +g\]cosﬂx 12. « +LfJ(-)--6e I'+ I-Se 5'3/ Isin3x.
13. Jtf+(I-e**-/e”)aCGit 14. ’g—(e2+e~2‘) -i-?OOSZX 15.
7wEinx(c/i3t - 1)+sin3x(cht - 1).

16. xt+(2e‘-e 2)e~xSINX17. 18. 19. 20.

73. N g9nr—, buyerdaa. =~\u,, (x)s'm ~dx,
- . Y Ib (x) |
uo(x) - A - const, bo’lgani uchun m(x,/>=— V —Ll—e N oFsin N+ VP
it fet>2k+\ |
74
75° bu yerda

#> («=1,2,..)- tgn:-’?;, a=hi>o0 tenglamaning musbat ildizlari. 76.

2 » _’\//,,cos—/\"—+0's'|n\—'h>—( ,
’ < +2)+/,]  wmbuyerda *..jB(*".cosibE+<TsinNiJ*,

A. («=1,2,..)- = <t=a/>0 tenglamaning musbat ildizlari.

77.s. 7 1i.ijM r-L .~ -fclK BT*»-*,

fe— *
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_ /-, A7 ~ omumn”™r. wij, j,_)+iLVvV N — COSN. X A. = oo .
**_0(2% + 1) *2fcS*+1)1 * * 21

84. /0Rx+1(e-b-1)c053x85. Xt+sitVBx4-*2x 86. x+fsmx+i(]-e-")sin3x.
87. BAJ+i(ed-1)+/cos 2x88. [+ 1+ (I-e4d)exsilix+ex"'sin2x.

89. X/2+¢e +sin/- cos/+e’3cos 2X. 90. x2+2e* +(2f-sin2f)cos3x

91. x+t2+j(e5- Neosx+j(- e-3 +l)cos3x

92. x't+x+Y CQuk— (I- esi2~")oos(t- I)%, C,, . =- f —+--mmm- —\
Ly 2%- 1) Or*+1 2k-3j
93.(x+i
*=1 1 JT +4
o, agar n-bn
=1-f - 1 ~ 1 - \ agara=2n-1.
“V2m-1 2w+1 2/m-3/
6-bob.
1. Agar n=-2 bodsa, yechim yo4y. Agar a*-2 bodsa, u holda
*00=M iiihi
0+2
= | — i
2. Agar bu yerda nl —t bodsa, u holda 1_A%e2:§304lad|.

a=a, da yechim yo4. 3. Agar n*2 va n*-6 bo‘lsa, u holda

121 - 24, A1+42A
Rl & il * N1=2 va JI=_6 "a tenglama yechlmga ega emas.

4. Agar n*2 va bodlsa, u holda +x*- Agar sa=| bodlsa,
O +y-jf' +jrS bu yerda ¢ - ixtiyoriy doimiy. g=| da tenglama
yechimga ega emas. 5. Agar bodlsa, u holda

ﬁ'*‘-y(s"+6,u,)+1—6x2. A=tJ"da tenglama yechimga ega emas. 6.



Agar n*| va /] boMsa, u holda Agar \J1 bo‘lsa,
OG+x2-ﬁ*, bu yerda c - ixtiyoriy doimiy. A= da tenglama
yechimga ega emas. 7. Agar a*| va a*| boMsa, u holda
-1’_\;;-]jf2+ix*+3. Agbgar A= bo‘lsa, ix*+3—3—*2+cx, bu yerda ¢ -

ixtiyoriy doimiy. a=" da tenglama yechimga ega emas. 8. Agar

A *+-boMsa, u holda » Agar f=- bo‘lsa, - x+x3+cx2 , bu
2 5(3+ 2A) 2 5
yerda ¢ —ixtiyoriy doimiy. s =- ~ da tenglama yechimga ega emas.

9. Agar A= =—va FI*!2 bo‘lsa, u holda C,+oX. Agar FI:FIZZl

bo‘lsa, ca3x2 bu yerda c,.c, - ixtiyoriy doimiylar. =4, =" da
2 8

tenglama yechimga ega emas. Agar ,=123 bo‘lsa, u holda

«™®=_j£_. 10. Agar A*- va a* bo‘lsa, u holda J1*-iAin2x+n-2x.
3-8 4 2 3-44

Agar a=-1 bo‘lsa, n-ix-ismix+Ccosix, bu yerda ¢ - ixtiyoriy
doimiy. a=" da tenglama yechimga ega emas. 11. Agar va
a*-| bo‘lsa, u holda ~ ™ " sin*+cos2x. Agar a= bo“lsa,
cosZ><-—43in,-c+Ccosx, bu yerda c¢ - ixtiyoriy doimiy. a=- da
tenglama yechimga ega emas. 12. Agar bo‘lsa, u holda

sinjc+-" A A 2Acos2y+sin2xj.  Agar  ~=x272  bo‘lsa, tenglama

yechimga ega emas. 13. a ning barcha gqiymatlarida Zilxn_ﬁjns*ﬂos*.

14. Agar a*+—bo‘lsa, u holda 1- — 7 cos*. Agar a=- boMsa,
2 T 625+ 1) 2
5 o *E+n2e0sjoc, bu yerda c¢ - ixtiyoriy doimiy. n=-ns da

tenglama yechimga ega emas. 15. Agar A*- va a*- bo‘lsa, u

71
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holda cos 4jt+ 1+§:A_n Agar 1 == boMsa, cos 4x- 1+ C, cos 2x +C, sin Ix » bu
yerda c,c, - ixtiyoriy doimiylar. 1 = da tenglama yechimga ega
emas. 16. Agar a* = bo‘lsa, u holda cos3x. Agar ;q=E bo‘lsa,

o X+C o x+C2as 2x? bu yerda C.C, - ixtiyoriy doimiylar. 17. Agar
a*1 va s*— bo‘lsa, u holda Agar s =— bo‘lsa,
A 29 1-An 2n
2cosx +Csin2x, bu yerda ¢ - ixtiyoriy doimiy. a=1 da tenglama
7t
. * | .
yechimga ega emas. 18. Agar va A1 bo‘lsa, u holda LAn
Agar 9|:-3!T bo“lsa, inx +ccosx, bu yerda c¢ - ixtiyoriy doimiy.
A =n—da tenglama yechimga ega emas. 19. 5, =5 sinx+cosx,l; s, =[1_

,cosx-sinx. 20. A==, 1, a9 =— cos2*; O, = , sin2x. 21. A =-45, 3xJ-2
2n n it

IX» - X QS 7, =—i2t,

N=w

, FI,=4—85, isjrl—i. QQ ) §, X*+Xj; f, =~

OO

sinx - sin3x JAj =¥, sin2x +sin3x, sinx +sin4x. 24. a=-12,6=12,
-12&2+cx+Q, bu yerda c,.c,- ixtiyoriy doimiylar. 25. p=nf5-3,
c[iVisx2+3(i-ViT)t]+--3x, bu yerda c- ixtiyoriy doimiy 26. Har
ganday dparametr uchun wushbu tenglama yechimga ega:

<p(x):abcos(ix-y)f{y)dy>+/(x) 27. Agar bo Isa, u holda

ZAVAN =- =pD=
12(1_2(r_|)smrf -+ax+A. Agar A 5 da, a=b=0 bodsa va fagat shu

holda tenglama yechimga ega bo‘lib, yechim: 9{¥=c, asx+c,, bu
yerda c,.c.- ixtiyoriy doimiylar. 28. Agar ﬂ*iﬂ(a.a—ixtiyoriy)

boMsa, u holda 2@I—2"isinx+A 4=- da ixtiyoriy laming
+ 9 n

giymatida tenglama yechimga ega: <X®=""-sin x+b+c, a®X, bu

yerda c,- ixtiyoriy doimiy; a  -da an+4b=0 bo‘lsa, va fagat shu

holda tenglama yechimga ega bo‘lib, yechim: jg=6+cjsinx, bu
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yerda cr- ixtiyoriy doimiy. 29. Agar A*"va n*| (a»b,c-ixtiyoriy)
bo‘lsa, u holda 3 2n) +T N ] * rax2e A=—2 a+3c =0 bo‘lsa, va fagat
shu holda tenglama yechimga ega bo‘lib, q¥=hbx+axl+c,, bu yerda
¢, ixtiyoriy doimiy; *=|da b=0 bo‘lsa, va fagat shu holda tenglama

yechimga ega bo‘lib, yechim: g =a-i(* +c)+cX, bu yerda c,-
ixtiyoriy doimiy. 30. Agar J1*tLl- (ab-ixtiyoriy) bo‘lsa, u holda

Z£K55a+317|) a+4]'l'g5a+3b) +ax+bx> a=— da 5a+3"=0 bo‘lsa, va fagat
15-44 X15-44) 2
shu holda tenglama yechimga ega bo‘lib,

bu yerda c,- ixtiyoriy doimiy; A=-~d a 5a+3b=0 bo‘lsa, va faqat
shu holda tenglama  yechimga ega bo‘lib, yechim:

Aje)="jc~x3J+C2 bu yerda c,- ixtiyoriy doimiy. 31. Agar

A*3 va 9* 5 (0,b-ixtiyoriy) bo‘lsa, u holda A=3 da
a=0 boMsa, va fagat shu holda tenglama yechimga ega bo‘lib,
<p(X)=1"~x2+ij+C,, bu yerda c,- ixtiyoriy doimiy; a=5da 6=0 bo‘lsa,
va fagat shu holda tenglama yechimga ega bo‘lib, yechim:

qm:crxr——zax, bu yerda c,- ixtiyoriy doimiy. 32. Agar a/[ 6(a,b—

ixtiyoriy) boMsa, u holda 3yh+7bx1+ax. A=1 da Sa+ib =0 bo‘lsa, va
7(1—659) 6

7 | -
fagat shu holda tenglama yechimga ega bo‘lib, <p(x)=--bx+Cix) +C2y,

bu yerda c, va c,- ixtiyoriy doimiylar. 33. Agar n*)K—va H*4—_n (

a,b-'ixtiyoriy) bo‘lsa, u holda +— —-jct6*2 a=—da
2—4An- 2—5(4—r) 4
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ax+bl4-n-) =0 bo4lsa, va fagat shu holda tenglama yechimga ega

bodlib, <px)=2Ax-dx+bxl+C” Yercta ¢ “ ixiy oT1y doimiy; a=-~"—

da tenglama yechimga ega emas. 34. Agar (*Ac-ixtiyoriy)

bo‘lsa, u holda a 1 | da
21(5-121) 7(5-12502) 2 V3

15T3~+7n/5(a+c)=0 bodlsa, va fagat shu holda tenglama yechimga ega

bodlib, flI?(x)=ax2+6jf+c+C2¥* 3+ ~|j> bu yerda c,- ixtiyoriy doimiy;
A =~~7|da 15>/36-7n/5(a+3c)=0 boMsa, va fagat shu holda tenglama

yechimga ega bodlib, yechim: o )= as +6x+c+C,~3-"~]j, bu yerda

c3- ixtiyoriy doimiy. 35. Agar va a*| (*,*-ixtiyoriy) bod4lsa,

uholda « r A , BPNL) I+ da del bodsa> va
15+ 851 3-24 (15+85)(3-29) 8

fagat shu holda tenglama yechimga ega bodlib,

#(x) =~ ax +1~200+c(x2+1)» bu yerda c- ixtiyoriy doimiy; a=| da

a=b=0 bo‘lsa, va fagat shu holda tenglama yechimga ega bo‘lib,

*(*)=c,x +C2 bu yerda c, va C,- ixtiyoriy doimiylar. 36.1. 8,=2 i e X;
A2=-y. P2=3*-4*2; agar 4,*| va N *-lbodlsa<pOr)=~1L _ (a-
ixtiyoriy); a="a tenglama yechimga ega, agar a=0 bod4lsa va

<p(x)=lax+c3(3x-4x2), bu yerda cr ixtiyoriy doimiy. 36.2. 4a,=1,

rf2)=~; agar a*1 bodlsa, a/1 da tenglama
yechimga ega, agar a=b=0 bo4lsa, va #<X)=C;x2 bu yerda C, va
c,” ixtiyoriy doimiylar. 37.1. H,ZT N,=smx; agar ﬂ*ﬂ— bodlsa,
2n1Po . .
<p(x):a+bcosx+Abm+--1- ------ siruc; 4 =— da tenglama yechimga ega, agar
A
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6=0 bo‘lsa, va #AM)=a+Csinx bu yerda C - ixtiyoriy doimiy. 37.2.
= - =X * ___ ¢ - -

a=-. Pl =x; agar a o bo‘lsa, p(X 1—2/rA+6 +2A6;rcosx(bu yerda

a,b - ixtiyoriy); a = da tenglama yechimga ega, agar a=0 bo‘lsa,

va <p)=6>(+osn)+Q bu yerda c- ixtiyoriy doimiy. 38.

xsin(x+y) + A—cos(x- j»)

<*X)= ~TN f(y)dy+f(x), )*o boMsa, b d
X) n(l s (y)dy+f(x), agar g(J1)*o boMsa, bu yerda

n.z2
OUm=1-A2— ; a=—da tenglama yechimga ega, agar /, +/,= 0o boMsa,

bu yerda /, =jcosyf(y)dy, [2=Jsinyf{y)dy, va yechim:
0 0

p(x) =c,(sin x+COSx)+;/,sinx+/(X) (c, “ ixtiyoriy doimiy); a=-— da
tenglama yechimga ega, agar /,-/,=<> bo‘lsa va yechim:
g(X)ch(smx-cos>Q~fosinx+f(x) (c2 “ ixtiyoriy doimiy),

Sin(x+y) +— cos(x- y)
R{x,yiX)= -2 rezolventa.

i

11- —A+y(2x- 4AX- ]
39. <«@0=n}—r-—- Eﬂ/ ------------ f(y)dy+f(x), agar g(J1)*o bo‘lsa, bu

i

yerda a(a)=(i-2axi- | n); A=i da tenglama yechimga ega, agar /,=3/2
bo‘lsa, bu yerda /, :%/(*)<&, /22%x/(x)<k, va yechim:
<p(x)="x—iy,+/(x)+c, (c, - ixtiyoriy doimiy); a=" da tenglama
yechimga ega, agar /2=0 bo‘lsa va yechim: > =-|/, +/(*) +c2(x +1)

\--N+y(2x-4Ax-\)
(c, - ixtiyoriy doimiy); R(xy,A) =— 2------= A rezolventa. 40.

() = Allli—l_—zﬂA—Mosxjay +b)dy +ax+b= +29h6cosx + 65agar A* o

1-29A

bo‘lsa (a,b -ixtiyoriy); a = da tenglama yechimga ega, agar a=o
n
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bo‘lsa, yechim: *(*)=ad3®*+i)+or (c - ixtiyoriy doimiy);
R(x,y?ﬁ)=l—_2r$1*;rzI +cosx -rezolventa.

41. = n~"27~1zny)dy+m,agarg,l bo'lsa; g=1 da
0 1—an [ A

* >
tenglama yechimga ega, agar r\smyf(y)dy =\sm2yf{y)dy =0 bo‘lsa,
(o] 0
yechim: ¥x) =/(x) +J an*+c, dnix (c,c, - ixtiyoriy doimiylar);
R(x,y\)():sin*sinylj-sﬂjEZGinZy - rezolventa. 42. 6=0, 30+x=o0.

3 1 1 \
43.0 > b0 L, :o6=0,. .4, _ob=— 1%
30V1'o’b0’C \ﬁo’a V105 Vio 2

4=6.

46. 4=0, 6=-1. 47. a,b- ixtiyoriy. 48. ab,c- ixtiyoriy. 49. 7a+sh=o0. 50.

N=1,  =x +X)+; N1 =-1, p, =47, +*,)-! .H'ﬁ'—4\6'l§-/6 9

H=2+S(xf+xj); N1 = -4’\n+6, %=T/3(x?+x|)-1. 52. [ ar " bu
yerda r=Jx?+x2+x3.

7-bob.

1 Analiz kursidan ma’lumki, jch,.....%,, dekart ortogonal
koordinatalari sistemasidan ixtiyoriy yxyr>—yn egri chizigli

koordinalar sistemasiga o‘tishda quyidagi ifoda:

A

bI\gX,
quyidagi formula bilan ifodalanadi:

il =z\]§/5fé—j~|4sg‘]v
bu yerdag=det|j/l|, g*=~, Ck=G4-gXgjk elementning
algebraik to‘ldiruvchisi det||sA| da,

8HMM>... X) =2, T7T7

¥¥f>Mkoordinatalar orthogonal bo‘lganda, gk=0J*k.
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buyerdag=(x{"-j>{it)% g''=~+yl), ga=gu=-Uxfx,-y(yn),

zu=W.+S()
9

By Au=19 o duy, 1d, oo 15 Aw | dAy, dd
3 rdrcrdr)+r ap~’ ) rdr(rdr+r Il

da
. du 1, vy

~ _T_I\ -
(sm udu)+ r2sin2u dtp )

1 d

d> n.-Mi<r*£>
rldr dr r2sinudu

€)
Aul (e-w-n"') dul d rH-rj2_ du

Ww 2-nr) 1417 dE +dij K 2-1A d) dp in *}(?:|_(r7)5}
2.a) garmonik; b) garmonik; c) garmonik; d) garmonik; e) yo‘q;
f) garmonik; j) yo‘g; h) garmonik; k) garmonik. Bevosita hisob-
kitoblar katta. Keyingi hisoblashlarda garmonik funksiya wn=Hk,*)
ni rRe/(z), z=x +ixt, deb olib, vektor analitik /{.) =u+iu
funksiyaning mavhum qgismiu(X.x,) =im/u)  funksiyani qurish

mumkin. Koshi-Riman sharti bu holda quyidagicha: =

e Lo AL . .
a2 Ko‘rinib turibdiki, W(Z)—OX{+I Pt funksiya analitik va

Koshi-Riman shartiga asosan W(Z):a,;“i-a,:é' Shunday qilib quyidagi

funksiya ham analitik
du  .dv du

. o a
w{z) du dv T,uning hagqigiy gismi:

% o L] 414 (t)* (3

garmonik; 1) garmonik; m) yolg.
3.a)k=-3; b) k=-2; b =22.au 2x- d)* =+3;e) k=0, k=n-2 n>2
da.
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4. ~z)analitik, uning U(x,y)=ux hagigiy va V(x,y)=-uy mavhum
gismlarining o°‘zi va birinchi tartibli hosilalari uzluksiz va Koshi-
Riman shartini ganoatlantiradi  -Vy=u,, +u>=0 ;

Vx+\=»y - By=0"

5.1. u(x,y) va v(x,y) lar  f(z2)=u(x,y)+iv(x,y) analitik
funksiyaning hagigiy va mavhum qismlari, Koshi-Riman sharti
W-vE0 W Hx=0bilan bogMangan. Shuning uchun

dv=vxdx+vydy=-uydx+uwdy ifodalar funksiyalaming to‘la differensiali
bo‘ladi, shunday gilibuxxtuyy=&u=0  Bundan, \dv =\-uydx+uwdy
ixtiyoriy fiksirlangan (xQfy 0) nugtadan to o‘zgaruvchi nuqtagacha
(x,y) nugtagacha egrichizigli integral D sohada yo”~alishga bog'liq
emas.

f (2) = x*-3xy2+i [BXyEBECA3T-YNY +iC =xi- 3ny2+i(3x% - Y )+/(-34 yO+y\ +¢)

5.2. f(z)=exsiny-ielcosy+iip** cos~ +C)

5.3./(z) =sinXG?>H/QOsra?>HH(-CO8X5 )+ ¢) 6.3)v(x,y) :—4{x* +/ -6x%2)+C;

b) ¢) v(jr.y) = -Chx cos >+ C; g) V(ic,y) = IXsiny + C5 d)

v(X,y) =dxsiny +C C) vie.y) =-shxcosy+CJ 7.a) u(x,y)=x3-xyLy+C0
d) «(x,y)=exsiny+Cr+Q;

/ 2 x2
€) u(xy)=exsmy+Cy+C0; €) U(Xy)=xy ~+ Xy +—— +Cx+C0;
f) :21 ? \EB+C-?+CO a) u=y<?cosz-yl+Xt+g(x,z)9 bu

yerda g(x,z)-ixtiyoriy garmonik funksiya. b) u=chx:osz-y?+)o?+g(x.y)
, bu yerda g(x,y)-ixtiyoriy garmonik funksiya.

J .. . .
C)u=xyz~— +3xz*-J+xz+g(x,y), bu yerda g(x,y)-ixtiyoriy garmonik

funksiya.
d)u=xzicoy-yzJsiny+22-xr)+g(xyy), bu yerda g(x,y)-ixtiyoriy
garmonik funksiya.
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9. a) v(X,y)="Ni"-1,5(x3+Qx+q;

b) 4n)=-~'siiu+Q>"+q; c) v(x\y)*—€ixsnJ+CJ+C,; d)

v(x,y)m-cA* cos ¥ + C,x +C,
10. @) u(xy)= J Y+2~ xy, 2R~ (at cosk<p+bt smk<p) =Rsm<p+R2s\n2*p.

cos kp va sin lp oldidagi koeffisiyentlami tenglashtirib, quyidagini
olamiz:
t\=tf\  aj=al=a2=...= hl=RA b=bA=...=0. Shunday qilib,

"(0cy) = 12V4 singp+ R4~2sin2p=  j y +2° xy

b) M(xy) =" | (ax+by)+C;Cn(x,>) =(yj C2-/);<*)

Uxy)=i" ] +;

e) = 0,57 (X'--y'- +2xy),f)

CP)=(*) O8N (X"-yj+7] (x+y)-

g) "ky)=A+"j (K-y)-Nj (%->>);1l.8) ulxy)="] *y

@
"mﬂ(okcosk<p+bt sinArY) —/7sinff>+/22sin2”. cos* vasin~  oldidagi

koeffisiyentlami tenglashtirib, quyidagini olamiz:
bl=Riy flb=al=a2=...= A=TN bbAEL.=0

Shunday qilib, u(xy)=/?V,sin"+/?2V*Xin2" ="~ y+2"— xy.
b) Mxy)="j (ax+by)+cic) wxj)=|"-j (*2-1);d)

“(xy) = (x2-y2+~ 4L
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e) "(*.2)=(*) -°,5") (X*-y1l+2xy), 0

»4 - »2 N 2
( *1 (**-1)-[ *1 (x-");12. a)m(g,a/)= ~—;Tenglamaning

xususiy yechimini tanlab, Laplas tenglamasiga qo‘yilgan Dirixle

masalasini yechish masalasiga kelamiz.

b) u(x,y) =j(x* +xy2-R x),c) uXy)= 2—; u(x*y) * j(y*+y*1- Riy * 8);
e) u(x,y)=rl-RL+1 13. a)® =oda u(x,y) =const . apo da masala xato

go‘yilgan. b)n = daHx0o=y (*’-/)+«>«"'. a*|-da masala xato.c)

u(x,y)=Rxy+const; d) B = "Z-d a ux,y)=- = {x2-y2)+const . 5 * ’\L—d a
masala xato.e) B=Ada u(x,y) ="-(x2-y 2+Ry +const . B(hA da masala
R pt
xato.14. a)A :—2 da u(x,y):Esz-y2)+const. A*—2 da masala xato.
R2 R* 4R* R2
b) B=— da & ,y)=-"-(y2-x1)— —y+const. B* — da masala xato.

c) b= la u(x,y)=n~-(x1-y 2)-" rxy+const. B da masala xato.
2 4 r 2

d)7 B:(A-l)—2 da u{x,y):’\m_’\~-(y2-x2)+constB"(A-I)—2 da masala xato.

15. a) u(r,<p) = RrR sin<p+const. u(r,<p) = ]fr)V(at cosk<ptbksink<p). Bundan
-Ri bl

u(R,99- u(™, =£(?* - Rf)(akcoskg+ sinfcp) = sin??

o0=a, =a2=...=0 =6,=...=0. Shuning uchun

w(r,”) = —-— sin<p+a0,a0 = const; b)u(r,<p) = —"*— cos<p+const; c)c =-"-da
(r™) = p Hu(r,<p) R R COS<P ) 5

u(r,p) = c *--2d a tl)f(v)dq, =0 shart bajarilmaydi.

27 - )
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d)ufr<p)=~ ~ +LX°sj?.+const; e)B=-Ada u(r<p)=A-~ " +const. Bp-A

da \(1;{<p)d<p =oshartbajarilmaydi. f)u(r,.<p) = R_A +.3(F%:\32{) +const, C = 5

.c"15 da ty(p)<fy =oshart bajarilmaydi. 16.a)u(r,<?) = (}'I—Fl) +co/Lw

b)n(ry)=-» f +const,A=/1*25da |/(?>)f?>=o0shart

bajarilmaydi. c) masala yechimga ega emas. d),i=|da

"(rp)" +2-NV +conaw*'5da |/(p)” =oshart
bajarilmaydi.

e)-(rp)=0C_j"*+ +oons® 17-a)u=n+2y+r(2n-/)+y; b)
n=  cosr

C) u—x{x+y)+2y z)+e SiNZ; d) u=xsin YAz +slZ cosy ; €)

y=x3+r(2me->)-3%x22-yI,+2;

Inr

f) n=xz+coslxchlz- sinlchlz; 1I$.u =T+(U-T)—  19.M:T+bU In-J 20.
In*
a

u :U+aTIn5; 21. aT=buda* =at Inr +const ,aks holda masala xato

b{LJ-hT)In- a(T+hU)In-
go‘yilgan bo‘ladi. 22. u=T+---------- 23 . U=Ut-mmmmmeee r-; 24.
I+MIn— 1+tfAln—
a a
_byU-aT_ )¢ p=bu-aT gl
e HaTInES n # hbu Ina. A
abh(Mn-+Uin-) +hU-aT h\n--\n-
u= 6 e +aTInE; 27 .u=— £—
j'(a+*+ﬂLIJr|é) b j'Ilrtl)--%n-

28. 3)n(X,y)=x*-3x*-3x)?+3)?+H\2x-1; b) u(x™N=i(zJ-/)-x +2j/; c)
i<X#)=y?-XI-3x;
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d) ufay)=(x+yf +2x+l; e) 1<*)=3"+1)2+3Y-2"; 29.a)

“x¥) =3 Ossin(@EF-Sxamtl_ v atwesh A £/(x)@** A xdx5
*« 2p 2@ p 2p 0 2p

b) L _ _ ¢ 0SB iy £
2 M (2i+1)2i/,8 ~ 1A P
C)yM,.)=*~1 H N = ~ jAr ros(2 *il~; d)
* N (de+aft - 2P
2p
ux,y) = u+n Tsh— y-\of 2 M2 +Tsh 2 \chy 'sin
{ 2PA P 2PJ 2P°3 2P
(2*+J)fy
Wo 72 @RV @keir
noer e+ 2p y 2p
e)
,,M 5 L sin(2ti)2i+
®)=4 %, . s
(t+i):0e N $
M 1 $AQ2i%j)2:sin( 2 Ne
T (2k + I)sh
/
(xy)=— xXH " ! SA—SiN-—- + — j— j/r-----sin—
D-xy) K spkm ™ p " q o S 5
I P s
30.a) u(r,<p) = 2 sin ,gt=i J/(y)sin o®;
*-0 2/ »0 2i
b) =Zjin £~ 1kl cosANMI"Vcos™,  MgXx=h.
8~ 1 (2 HIW
c>“(" ) Afen y e sul— N
d)
-V

n(ar.y) = 2(1+n/££(Ak[l(h +A’Y§+h7\7y*0) N O) =1 cos™y+/jsin\y,
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31.a)wr0="—4£p-"j cos™; b)
u(r,<p)
ou(r.(p) = LA jgr sm<p+~ -UJB’\ cos3<p\ d)i/(/%)= C +$/ k(Akcosk<p+Bksmk<p) ;

A= IA T\~ askepg =52 71 smkos j/(<p)~ =°

32.a) u(r< =—+—’\ —j cosh;
) (:<P) it it 14J'I { )J
k) Mr>®=C+~-C0s”™ +-2jC0s2N—"-sin2 ™ +4J?7 M- — cosktp
c) I 1 7w (7 ) W co 3"~ + N(5uw aag
¥ Ir
A =J/C~cosA'™™, Bk= J/(p)sin d)
(o] 0

nir<p)'= nn—-2sinep+ 20 Y T2 LTV G

le}

A 2 ] rr
33.a) u(r,<p)=g--_-ér(r-T)cosq> ;b) u(r<p) = Aj-nba_+ A —T(r2=)smi<p ;

b
€) u(r,p)=Q -4 (r-—)cost> -7 (" +ATsm2f>

\+hbIn— - hb) +(\ +hb)~
d) U(r,g>)-T “““““ —tabU— N AcosM
\ehbin b2+ hb(b a2
3a)uirr~Lf
\R
b) u(rip = QI_(_ \)X( , ak_ ceeeeneeen (Y J00S (2% +1)%
bP | 2a
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1. 2My-2+Cy>0ty <0; 2. 2% +y =Cf; +y=C2,x +y=Cy 3. 4.y =ctx

Xy =Cj. 5.xty =C,; 6. y =C.7.arcsin xtawsiny =C. 8. 9.
£ =-2u,uyt12ul +2u8-\. 10.
2 1 1 -
(fi/) 2 *tdly te o («<)m +rff>0.  12.
u T i/i+? 4
)]> 0, Q—yjtpl +<pl. 13. T{r2-CQ("2+ 712)] = 0. 14. 15.

(r2“£2-11~C2 =0- 17. 18. 19. dv+udt=0x+i=Ct;du+vdl=0x-2t =C220*

s- g taor w+y +0ndmaza)=qresj=t

21. x2+/2=CJ, U =c,; x =Cg, /(I+jt2 ~ +2u,;¢c2*//=0. 22.
2W £~V in=0>=22ili"E E . 23. 2)
dx cos2™M +t'

u2+u2>c2dv(c2~u2)+dul\-uunr~c2ijiz+v2-c2)]<0 -
(c2-0 2)dx = {-MmyTc2n2+y2-c 2)jly.

3
24, u, =C,, x— =C2;”2=Cj>x J =C4; M —C5, AC+H =C<s,Ms =Cr N1+ —CA

1 1 0 O
—1 -n - ! 8
3 3
25. - O g A4 O
O N1 ! ooNa
2N+ 1 )

h =akPbl (A),ak=const
Ww+3pJI Xk +-+(2N"+1)MNNK =C
x~\t=Q, Kn(n)=0.
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1:’+3/L:Q
26 - (fL_deXL:Q» »-M-«,
X

dr
N i=0
27. oF ~dr " :
™ __6 I=u+y>"1=H+u
—=4+2/—==
ar at
noH( ja}(, +9;=0,
28. (itj, ., L)i, « = +U.*2=« +UL.
Ca~l h**IIISI1
5, 1 a»  XJ+X-1 Kd ~L1) 0
29 IT +vi+x2 ax + 2(1+x!) Fx2(+ X ,
" odu2 1 pap Xp+X-1 y-L>) 0
at >p+xJ 3T 1 AL+ **) !
u, =n+Jl+x2u, m =un- \+x2u.
dut_}_3 n
dt dx
. 4n)-
30 dt * dx
v,
J* 4 X

W =i,
dt dx
du, | du,

31. —L+—L=-U}=2, U=u+own U if3=-4u+5v+90).
dt  dx
du.  “du.
_ +2— =3, +2ul+,,
32. 33.
34 U=g(/+2x)+/(r-x2 fe-(V5+1)/fc-V 5y]+t/5-1r+V A
\u =g(/ +2x)~fif -x 2} [u=[B +3jA3jc- n/5y)+ (W5- 3)g(3x+Sy}
Me /(9F-x)+g (f +X), n, =/(x- 1)+ hXx+2/)+3g(x- 3/),
36. ©=/(9/-x)-g(/ +x), 37. u2=3/(x+ 2/)+g(x - 3/),
@=" [ (9F~*)+ 35(* +*)+ W2 +X) u3=3/(x+2/)+6g(x- 3/)

38. n—, n—=2x+139. u=-/(1+/).”=2x-r +/1.40. u=-t,u =x+2t.
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Sy-Xx —%}—yY
R I

16V
43.44. 45.46.47. 48.

_ Kf +Ioj !
49, = i-b"™x

(f H - VIOos™y + sin>/1<)N +

(-0°

TS S () 20 PRI Frhy
SECo{f+ '  +°m)

51. .
KQA+fo]  2sinnj+hejxcosVry +orif

SiMYY +forjx cosV 157 +
52. =2f; _LI1Z_x

(fH

53. uai, y=o.

NCcosNy +bnjxsin>/15Yy +
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