Deteminantning nolga teng bo’lish sharti. Kramer formulasi

Reja:

» Determinantnolgatengbo’lishiningzarurvayetarlisharti.
» Matritsarangihaqidateorema.
» Algebraikto’ldiruvchilaryordamidateskarimatritsanitopish.

» Kramerformulalari.

F =<F;+,,—,,0,1>maydonvamaydonustida F ™" matrisalarto’plamivaA=

a, 4a, .. Qa
a, a, .. a, , ,
oo *" |berilganbo’lsin.
a a a

11.1-teorema. Kvadrat matritsaning determinanti nolga teng bo’lishi uchun

uning satr (ustun)lari chizigli bog’langan bo’lishi zarur va yetarli."

2.4.4. Corollary. Let A = [a;;] € M, (R). Then
Y ajAmj = bmdet(A) [and ) ajiAjm = Smdet(A)
i<j<n l<j<n
forall 1 <t,m < n, where &, is the Kronecker symbol.

Isbot. 1. Matritsaning satrlari chiziqli erkli bo’lsa, ‘A‘;tO ekanligini

isbotlaymiz.
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Agar berilgan kvadrat matritsaning satrlari chiziqli erkli bo’lsa, u holda uni
elementar matritsalar ko’paytmasi ko’rinishida ifodalash mumkin, ya’ni

A=E -E,-...-E, . Uholda determinant xossalariga ko’ra
|A=|E,-|E,|-...-|E| va |E|=0(i ={L... k}. Bundan |A/=0.

To’g’r1 teorema bilan teskari teoremaga qarama-garshi teoremalar teng kuchli

bo’lganligidan,

A‘ =0 ekanligidan A matritsa chiziqli erkliligi kelib chiqadi.

2. A matritsaning satrlari chizigli bog’liq bo’lsa, WzO ekanligini

isbotlaymiz.

Satrlari chiziqli bog’liq matritsaning kamida bitta satri qolganlari orqali

chizigli ifodalanadi. Determinantlar xossalariga ko’ra |A/=0.

Proof. Let (¢, 2, ..., c,) be an arbitrary tuple of » real numbers, and replace
row t of A by this tuple to obtain a matrix that we denote by B. Thus, if
B = [bij]v then
b,‘j _ aij, lfl ;ﬁ L
Cj, if 1 =1.

By Theorem 2.4.3 we have

det(B) = > bjBy;.

1=j=n
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Evidently the cofactor B;; to the element b;; in the matrix B coincides with A;;
(in order to obtain it we just cross out the rth row so we eliminate the row that
makes the difference between the matrices A and B). By the definition of the
elements b,; we have

det(B) = ) cjAy.

1<j<n

Now let ¢; = ay,j, where 1 < j < n. If m =1, then B = A, and Theorem 2.4.3
implies that

Y ajAry = det(A).

1<j<n

On the other hand, if m # r, the matrix B has two identical rows and Corol-
lary 2.3.8 implies that its determinant is zero. Thus, ), _ j<n@jAmj = 0. The
Kronecker symbol allows us to write the equations we obtained as follows:

Y @A) = Simdet(A).

I<j<n

The second of our assertions can be obtained in a similar manner.

1 2 3 1 2 3
11.1-misol.|-1 0 4=0 2 7/=0.
2 4 6/ 0 0 O

11.2-teorema. Har ganday kvadrat matritsa uchun quyidagi shartlar teng
kuchli:

1. |A/=0.

2. Matritsaning satr (ustun)lari chiziqli erkli.
3. A matritsa teskarilanuvchi.
4. A matritsa elementar matritsalar yordamida ifodalanadi.

11.3-teorema. A matritsaning rangi uning noldan farqli minorlarining eng
yugqori tartibiga teng.
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all a'12 aln
. . _ aZl 22 e 2n . .
Isboti. Noldan farqli A= matritsa berilgan
a, 4a, ... d.

bo’lsin. U holda uning rangi r =r(A)>0. Matritsaning kamida bitta noldan

farqli r tartibli minori mavjudligini isbotlaymiz.

r=r(A) >0 bo’lganligi uchun, A matritsaning rta chiziqli erkli satrlari bor.

Shu satrlardan tuzilgan A matritsaning B e F"" matritsaostisini tuzamiz B=

a, 4, .. 4,

a, a, .. a , , , ) ,
o 2 , bu matritsaning rangi r(B)=r. Matritsaning satr va ustun

a a a

rl r2 n

ranglari tengligidan po(B) =r. Demak, B matritsaning r ta chiziqli erkli ustunlari
mavjud. B matritsaning rta chiziqli erkli ustunlaridan tashkil topgan
matritsaostisini C bilan belgilaymiz. U holda CeF"™ va r(C)=r. Yuqoridagi

11.2-teorema shartlariga ko’ra, C matritsaning ustunlari chiziqli erkli bo’Iganligi

uchun |C|=0.

Demak, C matritsa A matritsaning tartibi rga teng bo’lgan noldan farqli

minori bo’ladi.

Agar k >r(A) bo’lsa, A matritsaning K tartibli har ganday minori nolga teng
bo’ladi.

Haqigatdan ham, k >r(A) bo’lsa, A matritsaning har ganday Kta satri
chiziqli bog’langan bo’ladi. Bundan A matritsaning har qanday (k xk) tartibli
qismmatritsasida satrlari chizigli bog’langan bo’ladi va 11.1-teoremaga ko’ra
bunday gismmatritsalar determinanti, ya’ni A matritsaning Kk tartibli har ganday

minori nolga teng.
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1 -1 0 2
2 1 1 -2

11.2-misol. A= 1. 0 1 3 matritsa  rangini  minorlar
2 -2 0 4

yordamida aniqlang.

Yechish. Matritsa rangi haqidagi teoremaga ko’ra matritsaning noldan farqli

minorlarini aniglaymiz.

Matritsaning berilishidan, unda kamida bitta noldan farqli birinchi tartibli

minor mavjud, masalan, A :(1) matritsaostining determinanti l1ga teng, ya’ni

M, =[|=1%0.

1 - :
Matritsaning A, = (2 1 ] matritsaostining determinanti

: ‘2 1%:1—(—2):3;&0.

1 -1 0
Matritsaning A, =| 2 1 1 | matritsaostining determinanti
-1 0 1
1 -1 0
M,=12 1 1=1+0+1-0-0-(-2)=4=0.
-1 0 1

Matritsaning 4-tartibli minori berilgan matritsaning determinantidan iborat,

uni hisoblaymiz:

1 -10 2/ 1 -10 2
2 1 1 -2 o 3 1 -6
A=1 0 1 3|7 11 570
2 -2 0 4/ 10 0 0 0
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Demak, berilgan matritsaning noldan farqli minorlari 1-tartibli, 2-tartibli va 3-
tartibli. Ulardan yuqori tartibligi 3-tartibli minor bo’lganligi uchun, berilgan

matritsaning rangi 3 ga teng.

a, 4a, .. Q4
9. . _ aZl 22 2n . . . .
11.1-ta’rif. A= matritsaning @, elementining
a'nl a'n2 a'nn

A, (i, ] e{L....n} algebraik to’ldiruvchilaridan iborat

Al A A
A = Ao Ba o A matritsaga A matritsaga biriktirilgan
An 'A&n e A}m

matritsa deyiladi.

11.4-teorema. Agar |[A/=0 bo’lsa, u holda A matritsa teskarilanuvchi va

At=|AT A
Isbot. 17.3-Laplas teoremasi va 17.4-teoremalarga ko’ra

A

j1 ) -
' . A, ’l = ,
Ai(A*)J - (ail""’ain) o :ailAjl +...+ ainAjn :{‘ - ] ‘

0,acap,i # |.

. . |0 |A ... 0 .
Ya’ni, A-A'= =|Al- E gaegabo’lamiz. Bundan|A| = 0bo’lsa,

A-(A-A)=E (1) hosilbo’ladi.
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Xuddishunday A" - A=|Al - E tenglikdan|A|# 0bo’lsa, (A" -A")-A=E (2)

tenglikkaegabo’lamiz.

(1), (2) tengliklardan A Va‘Afl - A"laro’zaroteskariekanligikelibchiqadi, ya’ni
At=|AT A

F =<F;+,,—,,0,1>maydonustidaquyidagi

(a,X, +a,X, +..+a, X =b,

11771 12772 1n“"n

a, X, +a,,X, +...+a,x =Db,,

21771 22772 2n“*n (3)
a. X +a,Xx,+..+a x =b.
CHTS berilganvauningasosiymatritsasi
all a'12 a'1n
a a Loda
A= % " |bo’lsin.
a'n1 a'n2 a'nn
5 -1 -1
11.3-misol. 1 2 3
4 3 2

A=matritsagateskarimatritsanialgebraikto’ldiruvchilaryordamidatoping.

Yechish.Berilgan A matritsaningdeterminantinihisoblaymiz:

5 -1 —
Al=1 2 3|=5(4-9)+1(2-12)-1(3-8)=-25-10+5=-30.
4 3 2
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Determinantnoldanfarqli,

demak,

matritsaningteskarisimavjud.Matritsaningharbirelementialgebraikto’ldiruvchisinito

pamiz:

. 2
Ap= (D)™ My, = 3

. 1
Ap= ()™M My, = 4

+ 1
Apz= (1) ™ My = 4

-1
Ag = (12 ™ My, =
3
242 S
App = (-1)7" ™ My, =
4
243 5
Agy = (-1)7" ™ My =
4
3+1 -1
Az = (-1)"" ™My = )

5 _
Az = (-1)3+2 T™MM 5, = 1
3+3 5
Agg = (-1)77 ™ Mgz = ‘1
i1
6 30
y 1 7
At=IATA S| - ——
A 3 15
U
6 30

3

= -5;
2
3

=10;
2
2
3

1
30
8
15
_u
30
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Tekshirish:

2 1 1

5 -1 -1) 30 30 30
AAl=|1 2 3 |-10 14 167

30 30 30

4% 2)s5 19 m

30 30 30

25+10-5 5+14-19 5-16+11
=i 5-20+15 1-28+57 1+32-33 |=E.
20-30+10 4-42+38 4+48-22

11.5-teorema.|A = 0bo’lsa, uholda (3) CHTSyagona yechimga ega va

uquyidagiformulalar orgaliifodalanadi:

@) % =[N (BA++ BAD X =[N (BA, +.t BA,).

(a,X, +a,X, +..+a, X =b,

11771 12772 1n“*n

a, X, +a,,X, +...+a, X =b,,

Isbot. '+ "*°7 e sistemani
a. X +a.,xX,+..+a X =Db.
a, a, .. a, b, X,
a, 4a, .. a b X _ :
A= 2 % |, B=| *|, X=|?|belgilashlaryordamida
a, a a b Xn

nl n2 nn n
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AX = BKko’rinishgakeltiramiz. Teorema shartiga ko’ra|A| = 0bo’lganligiuchun

AX = Bmatritsalitenglamaningyagona X = A™B yechimimavjud.

11.4-teoremaga ko’ra A™ :‘Af1 - A" ekanligidan,

A A (B LA+ .. +BA,
X=A"B=|A"-| . . . ||.|=|A"

Aln Ann ﬂn ﬂlp‘ln_'_ +ﬂnA\n

X (|A(BAL+...+ BAL)

Va'ni, | (=] e, :

X,) \|AT(BA, +..+ BA,)

11.5-teorema Kramerqoidasiva (4) formulalarKramerformulalarideyiladi.

AgarA(j) jed{l,...n} orgali Amatritsaning j-ustunini (3) sistemaning

ozodhadlarustunibilan almashtirishdanhosilbo’lganmatritsanibelgilasak, uholda

181 alZ a‘ln all a1n—1 181
AQ=| . . e o henA(N)=| . . ... . |matritsalargaega
ﬂn anz e a'nn anl e a'nnfl ﬁn
bo’lamiz.
Laplasteoremasiniqo’llab, A(j) je{L...,n}matritsaningdeterminantini j -

ustunyoyilmasiyordamidagiifodasinihosilgilamiz:

AG) =BA, ot LA =1...0).

Hosilbo’Igantengliklaryordamida 11.5-teoremani

quyidagichabayonqilishmumkin:

11.6-teorema.Agar|Al = 0bo’lsa, u holda (3) CHTS yagonayechimgaegava u

quyidagiformulalarorqaliifodalanadi:
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AQ) [A(M),
X, =——,...X =—— (5).
A A

a, X, +a,X, +a,Xx, =b

1373
Ay X ta,,X, +a,,X, = bz
Ay X, +a,,X, +a;,X; = b3
chiziglitenglamalarsistemasiningyechiminiKramerformulalariyordamidatopishuchu
nsistemaningasosiymatritsasiva A(1), A(2), AQ3) matritsalarnituzib,

ularningdeterminantlarinihisoblaymiz:

&, @&, a;
A= a, a,, d,|;
& &, ay
a; 8, da;
A=]a, @8, 8, |=a,8,3a,+a,3,3,+3a,3,a;,a,d,3a,
a1 Gy 8y

o auazsa?,z - a12a21a33'

b, a, a, a, b a,
M=|AQ|=b, a,, a,|; A=|AQ)=|a, b, a,;
b, a, a,; a, b, a,
a, a, b
As=AQ3)=la,, a,, b,;
a, a, b

32
A A A

Uholdax, =—%,x, =—2,x, —.
A A A

5x-y-z=0
11.4-misol.{ X+ 2y +3z =14
4x+3y+2z2=16
chiziglitenglamalarsistemasiningyechiminiKramerformulalariyordamidatoping.
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Yechish:

_1 _
A=1 2 3| =5(4-9)+(2-12)(3-8)=-25-10+5=-30;
4 3 2
0o -1 -
A=[14 2 3|=(28-48)—(42-32)=-20-10 = -30.
16 3 2
5 0 -1
A;=|1 14 3| =5(28 - 48)— (16 — 56) = -100 + 40 = -60.
4 16 2
5 -1 0
As=|1 2 14 =5(32-42)+ (16 —56) = -50 — 40 = -90.
4 3 16

X1 = AllA =1; X, = Ag/A =2; X3 = Ag/A =3.

Takrorlashuchunsavollar:

1. Determinantnolgatengbo’lishiningzarurvayetarlishartiniayting.

2. Matritsarangiminorlaryordamidaqandaytopiladi?

3. Algebraikto’ldiruvchilaryordamidateskarimatritsanitopishjarayoninitushunt
iring.

4. CHTSniKramerqoidasibilanyechishusulinitushuntiring.
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