Vektorlarning chizigli bog’liq, chiziglibog’liq bo’Imagan sistemalari, xossalari

Reja:

Vektorlarsistemasi.
Vektorlarsistemasiningchiziqlikombinatsiyasi.
Vektorlarningchiziglibog’ligsistemasi.

Vektorlarningchiziglibog’ligbo’lmagansistemasi.

YV V V VYV V

Vektorlarningchiziqlibog’liq,

chiziglibog’ligbo’Imagansistemalarixossalari.

F =<F;+,—7",01>maydonustidaqurilgan F" =< F";+ {w, | 1 € F} >

arifmetikvektorfazoberilganbo’lsin.

13.1-ta’rif. F "vektorfazoningvektorlaridaniboratd ,d,,...,a ,...
sistemagavektorlarningcheksizsistemasi; a,a,...a

sistemagavektorlarningcheklisistemasideyiladi.

13.2-ta’rif. F "vektorfazoningd ,a,,...,d ,...sistemasiva F maydonning
A, A,y A, skalyarlariberilganbo’lsin. Ad +4a +..+44a +...ifodaga
a,a,,...,a,...vektorlarsistemasiningchiziglikombinatsiyasideyiladi.
Chiziglikombinatsiyadagi 4, 4,,...,.4 ...

skalyarlarchiziqlikombinatsiyaningkoeffitsientlarideyiladi.
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13.1-misol. & = (1,2,3),b = (-1,2,4),€ = (7,-5,2) vektorlarva

a = -2, =5,y = 9skalyarlarberilganbo’lsa,

ularningchiziqlikombinatsiyasiniquyidagichaaniqlaymiz: cod + ﬂﬁ + 1€ =

=(-2)1,2,3) +5(-1,2,4) + 9(7,-5,2) = (-2,—4,—6) + (-5,10,20) +
+(63,—458) = (56,—39,32).

13.3-ta’rif.Fsonlarmaydoniustidaqurilgan F "

arifmetikvektorfazoningcheklisondagid,,a,,...,a 1)

vektorlariuchun F maydondakamidabittasinoldanfarqlishunday A4, 4,,...,4.

skalyarlartopilib, ularuchunushbu
A8+ A48, +.+48 =0 (2)

tenglikbajarilsa, u holda
sistemavektorlarningchiziglibog’langansistemasideyiladi.  Agar  (2)

A, =0,4, =0,...,4 =0bo’lgandabajarilsa, u holda

vektorlarningchiziglibog’lanmagan (chiziqlierkli) sistemasideyiladi.’

(D
tenglik

(1)

4.2.6. Definition. Ler F be a field and let A be a vector space over F. A nonempty
subset M of A is called free or linearly independent, if x ¢ Le(M\{x}) for each

element x € M.

Vektorlarningbo’shsistemasichiziqlibog’lanmagansistemahisoblanadi.

13.4-ta’rif.Agaristalgan 4 (i =1,n )sonlaruchunushbu
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a= A8+ 48, +..+ A8, (3)

tenglikbajarilsa, u holdadvektord (i = ].,_n) vektorlarorqalichizigliifodalanadi (&

vektord (i = 1,_n) vektorlarningchiziglikombinatsiyasidaniborat) deyiladi.

13.2-misol. &,=(1,0,0), &,=(0,1,0), 8,=(0,0,1)

vektorlarsistemasichiziglierklivektorlarsistemasiekanliginiisbotlang.

Haqigatdanham, oy €1+ e rtaz€s=ay(1,0,0)+a,(0,1,0)+as(0, 0,1)=
=(011,062,03)=(0,0,0) bo’lib, bundana,;=0, =0, az=0 kelibchigadi. Demak, €1,€5,

€ svektorlarsistemasichiziglibog’lanmagansistemabo’ladi.

13.2-misol. F "arifmetikvektorfazoning

€ =(10,...0),6, =(010,...0),...£ (0,...0,0)
vektorlaridaniboratsistemachiziglibog’lanmagan. Bu sistema n-

o’lchovlibirlikvektorlardaniboratsistema.

13.1-teorema.Kamidabittanolvektorgaegavektorlarning d ,a,,...,a,

cheklisistemasichiziglibog’langansistemabo’ladi.
Isbot. gli vektornolvektorbo’lsin. U holdaharqandaynoldanfarqli

A skalyaruchun O - 514- 0- gz +..+ A 0+..+0- gm = atenglikbaj ariladi. Demak,

—

a,da,,...,a sistemachiziglibog’langansistema.

13.2-teorema.Cheklivektorlarsistemasiningbiror-

birqismichiziqlibog’langanbo’lsa, sistemaningo’zihamchiziglibog’langanbo’ladi.
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13.3-
teorema.Vektorlarningchizigqlibog’lanmagansistemasiningharqandayqismsistemasi

chiziglibog’lanmagansistemabo’ladi.

13.4-teorema.Agard,,...,a
vektorlardankamidabittasio’zidanoldingivektorlarningchiziglikombinatsiyasidanib
oratbo’lsa, u holdad, # Obo’lgana, ,4a,,...,d

vektorlardaniboratsistemachiziglibog’langanbo’ladi.

13.5-teorema.Agard ,a,,...,a,

—

vektorlarningsistemasichiziglibog’lanmaganbo’lib, a,a,,...,a b

21 4,
sistemachiziqlibog’langanbo’lsa, u holdab vektor a,a,,...a,

vektorlarsistemasiorqaliyagonausuldachizigliifodalanadi.

4.2.7. Proposition (criterion for linear independence). Let F be a field, let A be
a vector space over F, and let M be a subset of A.

(i) If M is linearly independent then every nonempty subset of M is linearly
independent.
(i) An infinite subset M is linearly independent if and only if every finite
nonempty subset of M is linearly independent.
(iii) The finite subset S = (a,, ..., a,) is linearly independent if and only if the
equation ayay + - - - + apa, = 04 always implies that o) = -+ - = ap, = Op.

Proof.

(i) Suppose that M is a linearly independent subset and let W be a nonempty
subset of M. Suppose, for a contradiction, that W is not linearly independent.
Then, by definition, there exists an element w € W such that w € Le(W\{w}).
The inclusion W € M implies that W\{w} € M\{w)} and Corollary 4.2.2 shows
that Le(W\{w}) < Le(M\{w}). It follows that w € Le(M\{w}), contradicting the
fact that M is linearly independent. Thus, W must also be linearly independent.
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(ii) If M is linearly independent, then every finite nonempty subset of M is
linearly independent by (i). Conversely, suppose that every nonempty finite subset
of M is linearly independent, but that M is not linearly independent. Then there
exists an element x € M such that x € Le(M\{x}). By Corollary 4.2.4, M\{x}
contains a finite subset 7 such that x € Le(T). Let ¥ = T U {x}, and note that
Y is finite, x € ¥ and x € Le(Y \ {x}). It follows that Y is linearly dependent
and we obtain a contradiction. Therefore M is linearly independent.

(iii) Suppose that S is linearly independent and let aja; + - - - + apa, = 04.
Suppose, for a contradiction, that there is a coefficient «; such that a; # Of.
Then aja; = Zk# aray and, since F is a field, the nonzero element «; has
a multiplicative inverse aJ‘-". Therefore, a; = z# j(aj"ak)ak and it follows
that a; e Le(S\(a;}), the desired contradiction, since § is linearly independent.
Consequently, a; = Op for all j, where | < j < n.

Conversely, suppose that aja; + - - - + o,a, = 04 always implies that a; =
-+ = o, = 0. Assume, for a contradiction, that S is not linearly independent.
Then there exists an element @, such that a,, € Le(S\{a,,}). By Proposition 4.2.3,
we obtain a, = Y, 2m Bray for certain B € F. Tt follows that

piay + -+ Bn-1Gm-1 + (—€)am + Bns1ams1 + < -+ + Bnan, = 04.

13.6-teorema.Agar d vektor 51, 52 I ,Bn orqaliva BI (i= H) vektorlarC,C,,...,C

m

vektorlarorqalichizigliifodalansa, u holdaa vektorC,C,,...,.C_

vektorlarorqalichizigliifodalanadi.

13.7-teorema.Agard ,...,a_, vektorlar 51, 52 - ,Bn

n+1

vektorlarorqalichizigliifodalansa, u holdaa,,...,a ,

sistemachiziqlibog’langanbo’ladi.

13.3-misol. &, = (2,4,7),4, = (3,6,11),4, = (4,8,13) vektorlar

—

b, = (1,2,3),62 = (1,2,4) orqalichiziqliifodalanadi:

1

— —

d =b +b,,a =b +2b,,d =3b +b,.
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a,,d,,d,vektorlarsistemasiningchiziqlibog’ligliginiko’rsatamiz:

a(2 4 7 a, 2 4 7 a, 2 4 7
a3 6 11|~2a,-33,|0 0 1|~ 2a, —34, 0 0 1/
a\4 8 13) &,-28\0 0 1) & -24 —(248,-34,)\0 0 O

Hosilbo’lganpog’onasimonmatritsadanolsatrmavjud. Bundan

a, — 248, —(2d, —3a,) = Oifodayordamida &, = 2a, + (24, —34,) =&, + 24,
tenglikni, ya’nid, vektorning a,,d, vektorlaryordamidagiifodasinikeltiribchiqaramiz.

Demak, a ,4d,,d,vektorlarsistemasichiziglibog’langan.

2173
13.1-natija.Agard,,a ..., vektorlarb,b,,...b_sistemaorqalichizigli

ifodalansavan > mbo’lsa, u holdad ,a,,...,a sistemachiziglibog’langanbo’ladi.

13.2-natija.Agard ,a,,...,a, Vektorlarﬁl, 52 - ,5

m

sistemaorqalichiziqliiffodalansavad ,d,,...,a, sistemachiziqlibog’lanmaganbo’lsa,

uholdan < mbo’ladi.

13.3-natija.n-o’Ichovliarifmetikvektorfazoningharqanday n

danortiqvektorlardaniboratsistemasichiziqlibog’langanbo’ladi.

13.4-misol. R®daa(1; 2; 3), b(-1; 0; 3), ¢(2; 1; -1) ,d(3; 2; 2)
vektorlarsistemasiberilgan.

Uningchiziglibog’langanyokichiziqlibog’lanmaganliginitekshiramiz.
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- .- = 1 7
aa+ﬂb+7c+5d:Otenglamadana=—Z;ﬂ=Z;7/:g;5=—l

ekanliginitopamiz. Demalk, ta’rifgako’raberilgansistemachiziqlibog’langan.
Haqiqatdanham, d=--a+-b+>c :

ya’nisistemaningbittavektoriqolganlariningchiziqlikombinatsiyasiko’rinishidaifoda

lanadi.
Takrorlashuchunsavollar:

Vektorlarsistemasidegandanimanitushunasiz?.
Vektorlarsistemasiningchiziqlikombinatsiyasigata’rifbering.
Vektorlarningchiziqlibog’ligsistemasidebnimagaaytiladi?.
Vektorlarningchiziqlibog’ligbo’Imagansistemasita’rifiniayting.

Vektorlarningchiziqlibog’ligsistemasixossalariniayting.

o a0 kw0 Dd P

Vektorlarningchiziqlibog’ligbo’Imagansistemalarixossalariniayting.
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